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Absteact—In this paper, a class of multi-objective
programming is considered, in which related functions
are-B—(pr,a)-invex functions, Mond-Weir dual problem is

researched, many duality theorems are proved under
weaker convexity.

Index Term— B—(pr,a) -invex function,
programming, duality
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I. INTRODUCTION

The convexity theory plays an important role in many
aspects of mathematical programming. In recent years, in
order to relax convexity assumption, various generalized
convexity notions have been obtained. One of them is the

concept of B—(p,I)invexity defined by T.Antczak [1],

which extended the class of B — invex functions with
respect to 77 and b and the classes of (B,F)invex functions
with respect to77 [2][3]. He proved some necessary and

sufficient conditions for- B—(p,F)invexity and showed

the relationships between the defined B—([r)-invex

functions and other classes of invex functions. Later
Antczak defined a classes of generalized invex
functions[4], that is B—(pr) pseudo-invex functions,

strictly B—(p,r) pseudo-invex functions, and B—(p,r)
quasi-invex functions, considered single objective mathe
-matical programming problem involving B—(p,r)

pseudo-invex functions, B—(p,r) quasi-invex functions
and obtained some sufficient optimality conditions. Qing
xing Zhang[5][6]defined B -arcwise connected functions,
(V, )y, -type I functions, studied multiobjective progra

-mming problem in which involving functions belong to
the introduced classes of functions, Xiangyou Li[7]
discussed saddle-point conditions for multi-objective
fractional programming.

Under different assumption of convexity, several auth
-ors establish various duality results. Zhang Ying, Zhu Bo
and Xu yingtao discussed nonsmooth programming by a
class of Lipschitz B—(p,r) invex function, studied

Mond-Weir type dual and Wolfe type dual, derived many
dual conditions, Liang Zhi’an, Zhang Zhenhua [9]
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considered duality for uniform invex multi-objective
programming, derived many dual conditions, MorganA.
Hanson, Rita Pini and Chanchal Singh [10] researched
multiobjective programming problem, using Lagrange
multiplier conditions, established many sufficiency
results, proved weak, strong and converse duality
theorems in the Mond-Weir setting by V-type I-invex
functions, Mohamed Hachimi, Brahim Aghezzaf [11]

introduced generalized (F,p,,d) type 1 functions,

researched differentiable multi-objective programming,

obtained several sufficient optimality conditions, proved

weak and strong duality theorems for mixed type duality.
In this paper, we introduce new classes of generalized

invex function, classes of B—([I,8)-invex functions,

B—(p,r,@)quasi-invex functions, B—(p,r,a)pseudo-invex
functions and strictly B—(pr,8) pesudo-invex functions.
In this way, we extend B—(pr) -invex functions,
B—(p,r) quasi-invex functions, B—(p,I) pesudo-invex
functions and strictly B—(p,F) pesudo-invex functions.

Then we research multiobjective programming problem
in which corresponding functions belong to the
introduced classes of functions, obtain many duality
conditions under weaker convexity.

II . DEFINITIONS AND EXAMPLES

Throughout this paper, let R" be the n-dimensional Eu
~clidean space and R".: be its non negative subset, X be

a nonempty open subset of R". For the benefit of the
reader, we recall concept of B—(|p,I')-invexity introduced

by Antczak in [2] and concept of B—(p,I,8)- invexity intr
-oduced by Xiangyou Li in [7] .

Definition 2.1[2] LetU € X, The differentiable funct-
ion f : X >R is said to be (strictly) B—(p,r)-invex fun
-ction with respect to 77 and D atU on X if there exist fun
n:XxX —>R", b:XxX >R,
0<Db(,.,)<1,forallx € X, the inequality

-ctions

%b(x’u)(er(f(x)f(u)) _1) > lpvf (u)(e pr(Xu) |),

(> ifx=u), for(p=0,r #0),
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%b(x,u)(er”(x)‘”u” —1) > Vi (Wn(x,u),
(>ifx=u), for(p=0,r 0),
b(x,u)(f(x)— f(u))= lIDVf (u)(e™™ —1),

(>ifx=u), for(p=0,r =0),
b(x, u)(f(x) - f(u)) = VE(Wn(x,u),
(>ifx=u), for(p=0,r =0),
holds.
Now, we introduce a definition B—(,,a)-invex func

-tion with respect to77 and b atU .

Definition 2.2[7] Let X < R"is a nonempty open set,
U e X , the differentiable function f : X >R is said to

be (strictly) B—(p,I,8)-invex function with respect to 77
and b atU if there exist functions 77: XxX >R,

b: XxX —>R,, 0<b(,.)<1, a:XxX—>R for all
Xe€ X, the inequality

%b(x,u)(e“ PO _1y > lpr (u)(EeP"™* — 1)
+a(x,u),(>ifx=u), for(p #0,r #0),
%b(x,u)(e““x)‘“”” —1) > VF (U)n(x,u)
+a(x,u),(>ifx=u), for(p=0,r =0),
b(x,u)(f(x)— f(u)) > %Vf (e —1)

+a(x,u),(>ifx=u), for(p=0,r =0),
b(x, w)(f(x) = f(u)) = VI (un(x,u)
+a(x,u),(>ifx=u), for(p=0,r =0),
holds.
Function f : X =R is said to be B—(p,r,a)-invex

function with respect to77 andb on X if it is B—(p,r,a)
-invex function with respect to the same 77 and b at each

Uon X .
Now, we introduce a definition B—(p,1,@) quasi-inv

-ex function with respect to77and b atU .

Definition 2.3[7] Let X < R"is a nonempty open set,
ueX, the differentiable function f: X —R is said to

be B—(p,I,@) quasi-invex function with respect to77 and
b at U if there n: XxX —>R",
b:XxX —>R,,0<b(,.,)<l,a: XxX >R forall
Xe€ X, the inequality

exist functions
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%b(x,u)(e’“‘x“‘”” -D<0=> lpr (u)

(e — 1)y +a(x,u) <0, for(p=0,r #0),
%b(x,u)(er”(x”(“” —1)<0= VI (u)n(x,u)
+a(x,u)<0, for(p=0,r #0),

b(x,u)(f(x)- f(u)<0= lpr (U)W —1)

+a(x,u)<0, for(p=0,r =0),
b(x,u)(f () = T (u)) < 0= VF (Uyn(x,u)
+a(x,u)<0, for(p=0,r=0),
holds.
Function f:X—R issaid to beB—(pr,a) quasi-

invex function with respect to77 and b on X if it is
B—(pr,a) quasi-invex function with respect to the same
nandDb at eachU on X .

Now, we introduce a definition B—(p,r,8) pseudo-
invex function with respect to77 and b atU .

Definition 2.4 [7] Let X — R"is a nonempty open
set, U € X , the differentiable function f:X—R is

said to be B—(pr,a) pseudo-invex function with resp
-ect to 77 and b at U if there exist functions
mXxX->R', b:XxX >R, 0Zb(.,)<],
a:XxX =R, forall Xe X, theinequality

lpr (W) (P — ) +a(x,u) = 0=

%b(x,u)(er”‘x)““” —1)>0, for(p #0,r #0),
Vi (u)n(x,u)+a(x,u)>0=
%b(X,U)(e””X”(“” ~1)>0, for(p=0,r = 0),

1y e — N +a(x,u)>0=
p

b(x,u)(f(x)— f(u))>0, for(p=0,r =0),
Vi (u)n(x,u)+a(x,u)>0=
b(x,u)(f(x)— f(u))>0, for(p=0,r =0),
holds.
Function f:X—R is said to be B—(pr,a) pesudo-

invex function with respect to77 and b on X if it is
B—(pr,a) pesudo-invex function with respect to the sa
-me77andb at eachU on X .

Now, we introduce a definition strictly B—(p,r,a) pse

-udo-invex function with respect to77 and b atU .
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Definition 2.5 [7] Let X —R" is a nonempty open set,
U e X, the differentiable function f: X —>R is said

to be strictly B—(p,,8) pseudo-invex function with resp
-ect to 77 and b at U if there exist functions 77: XxX >R,
b:XxX—>R, 0<b(,.)<1l, a:XxX—->R, for all
Xe€ X, the inequality

ERw w)(Ee”™ — 1+ a(x,u)>0=
p

lb(x,u)(er“(x"””” —1)>0, for(p #0,r #0),
"

Vi (u)n(x,u)+a(x,u)>0=
lb(x,u)(e“”x)‘””” —1)>0, for(p=0,r #0),
"

lpr W)(EP"™ — N +a(x,u) > 0=

b(x,u)(f(x)— f(u))>0, for(p=#0,r=0),
Vi un(x,u)+a(x,u)>0=
b(x,u)(f(x)— f(u))>0, for(p=0,r=0),

hold or equivalently have

%b(x,u)(e““”““” -D<0=> lpr (u)

€™ — 1)+ a(x,u) <0, for(p #0,r = 0),
%b(x,u)(er“(x)‘“”” —1) <0 = VI U)n(x,u)
+a(x,u) <0, for(p=0,r #0),

b(x,u)(f(x)— f(u)<0= llon u)(EP"™* — 1)

+a(x,u)<0, for(p=0,r=0),
b(x,U)(f (X)— (1) 0= VF (Uyp(x,U)
+a(x,u)<0, for(p=0,r=0),
hold.
Function f : X =R is said to be strictly B—(pr,a)

pesudo-invex function with respect to77andb on X if it
isB—(p,1,@) pseudo-invex function with respect to the
same 77 and D at eachU on X .

Definition 2.6 Let X < R"is a nonempty open set,
U e X, the differentiable function f:X—R is said

to be strong B—(pr,8) pseudo-invex function with

respect to 77 and D at U if there exist functions
n:XxX—>R", b:XxX >R, 0<b(,,)<],
a:XxX =R, forall Xe X, theinequality

lIOVf (WP — ) +a(x,u) > 0=
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%b(x,u)(ef““)““” —1)>0, for(p #0,r #0),
Vi (Uu)n(x,u)+a(x,u) > 0=
%b(x,u)(e““x)‘”“” ~1)>0, for(p=0,r =0),

lIon W)(Ee”* — 1)y +a(x,u)>0=

b(x,u)(f(x)— f(u)) >0, for(p = 0,r =0),
Vi (u)n(x,u)+a(x,u) > 0=
b(x,u)(f(x)— f(u))>0, for(p=0,r =0),
hold.
Function f : X — Ris said to be strong B—(p,1,a)

pesudo-invex function with respect to 77 and D on X if it
is B—(pr,@) pesudo-invex function with respect to the

same 7] and D at eachU on X .

Definition 2.7 Let X < R"is a nonempty open set,
U e X , the differentiable function f : X =R is said to

be weak B—(p,r,8) pseudo-invex function with respect
to77 and b atU if there exist functions77 : X x X — R"
,b: XxX >R, 0<b(,.,)SL, a: XxX >R,
forall Xe& X, the inequality

lpr W)Ee”"™™ — 1 +a(x,u)>0=

%b(x,u)(er”(“‘““” ~1)>0, for(p #0,r #0),
VI (u)n(x,u)+a(x,u)>0=
%b(x,u)(e“““‘““” ~1)>0, for(p=0,r = 0),

lIon W)(E”* — 1)y +a(x,u)>0=

b(x,u)(f(x)— f(u))>0, for(p=0,r =0),
VI (Uu)n(x,u)+a(x,u)>0=
b(x,u)(f(x)— f(u))>0, for(p=0,r =0),
hold.
Function f : X &R is said to be weak B—(p,,@) pse

-udo-invex function with respect to77andb at X if it is
weak B—(p,I,@) pesudo-invex function with respect to
the same 77 and b at each U on X .

In above section, | =(1,---,1)e R" (@) —
(e*,---,e™)eR".

When a(x,u)=0, B—(pr,a) -invex function is
B—(p,r)-invex function, but if a(x,u)<0, B—(pr,a)

invex function may not be B—(p,r)-invex function.
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Therefore, adding a parameter a(X,U)means that the
B—(p,r) invexity maybe lost.

Now we give several examples about B—(p,I,8)-invex
function, B—(p,1,@) quasi-invex function, B—(p,r,a)
pesudo-invex function with respect to the same 77 and b .

Example 2.8 We consider a differentiable function

f :R— R, definedby f(X)=In(ln (X* +e)), let
2 2
n0ou) = —u, bouy = % <!
1,x* >u?
difficult to prove that f:X—R is B—(pr,a)-invex
function with respect to 77 and b when

2u
InU* +e) (U*+e)p

then it is not

ax,u)<

(1-e™)forp=0,

2u®
In(u>+e)u’+e
Example 2.9 We consider a differentiable function
f:R—> R, defined by f(X)=1InE*™+1), let
0,x*<u’
Lx>>u*’
difficult to prove that f: X —R isB—(pr,a) pseudo

(when a(x,u)<

for p=0).

then it is not

U(X,U) = UXZ’ b(X,U) = {

-invex function with respect to 77 and D when
()

€ U —pux
axu)y>—; —(1—-e™)for p#0,
41 p P
Ay 2y 2at-D)
( when a(X,U)ZTlfor p=0).
€ +

Example 2.10 We consider a differentiable function,
f:R—> R, defined by f(X)=In(x>+1), let
Lx* <u?,
0,x>>u?’
difficult to prove that f : X >R is B—(pr,a) quasi

-invex function with respect to 77 and D when

then it is not

77(X,u>=—u, b(X,U):{

a(x,u) < p(l—e“’”)for p#0,

2u
u*+1)

(when a(X,u)<

2

for p=0).

u’+1
Now, we give a useful lemma whose simple proof is

omitted in the paper.
Lemma2.11 Let f:X—R be a differentiable fun

-ction defined on a nonempty subset X of R" .
(a) If fis B—(p,r,8) pseudo-invex function with respect

tor7andb on X , and k is any positive real number, then
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r
the function Kf is B—(QE,@ pseudo-invex functions

with respect to the same 77 andb on X .
(b) If fis B—(pr,a) quasi-invex function with respect

to7r7andb on X , and k is any positive real number, then
r
the function Kf is B—(p,E ,&) quasi-invex functions with

respect to the same functions 77 andb on X .
B—(p,r,a) -invex functions,
B—(pr,@) quasi- invex functions and B—(p,1,8@) pesudo

-invex functions are discussed only when P#0,r#0,

In following section,

other cases will be deal with likewise because the only
changes arise from the form of inequality. The proofs in
the other cases are easier than in this one. Moreover,with
-out limiting generality of considerations, we shall assu
-me that I > O (in the case whenI < 0, the direction of
some of the inequalities in the proofs of theorems should
be changed to the opposite one).

III. MOND-WEIR TYPE DUALITY

In this section, we consider Mond—weir type dual and
establish some duality results for multiobjective problem
in which corresponding functions belong to classes of

B—(p,r,8)-invex functions, B—(p,r,8) quasi-invex func
-tions, B—(p,1,@) pseudo-invex functions with respect to

nandb.

We consider below vector programming
(VP)min f(x)=(f,(X),- f(x))
st g00=(0,00, >0, (), xeXR’.
where f,(X): X > R,i=L-k, g,(x):X >R,

J=L--<m are differentiable, its Mond-Weir dual progra
-mming defined as below

(VD)max f(y)=(f,(y),--, f (¥))
st. D AVEW+ 2 4V9,(y)=0; ()

D 1;9,(y)20; @)
j=1

A= (/119"'7/1k)T 2 03 H= (/ul""a/um)T 2 0.
Theorem 3.1 (Weak duality).Suppose that

(i) X is a feasible solution of (VP), (A, £, Y)is a feas
-ible solution of (VD);

K
(ii) Zil f, is B—(pr,a)-invex function with respect
=

m
to77and b, at y ,Z 4;9;is B-(pra) quasi- invex

=1
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function with respect to 77 and b1 aty;

(iii)b, (X, y) >0 when X#Y, a(X,y)+c(X,Y)
>0.

Then f(X) = f(Yy) nothold.

Proof Since gj(x) <0,4;20, so

Z £;9;(X) <0, consider (2),we can get

=l

Z:uj g;(x) < Z,uj g, (Y), obviously have
= '

r(Zﬂ,g ()~ Zﬂ,g ()

b(x y)e - i ~1)<0.

Using Z #;9; is B—(pr,a) -quasi-invex function
j=1
with respect to 77 and b, at Y , we have

g "
SRUVIMET D00 ©)
=

relation (1), (3) along with a(X,y)+c(X,y)=>0, we

K
can get lZ:/?,ini ()P — 1) +a(x,u) >0,

i=1

M*c

since /1' f. is B—(p,r,@)-invex function with resp

-ecttor7and b, at Y, we can get

r@w =i ()

b(x y)e = —1)>0. by

b, (X, ¥)> 0, we getz/a,,(fi(x)— f.(y)>0,

i=1
so f(X) = f(y)nothold.

Theorem 3.2 (Weak duality).Suppose that

(i) X is a feasible solution of (VP), (4, 4, Y)is a fea
-sible solution of (VD)

(11)21,]c +z,u g; is B~(pra)-invex function
i=1
with respect to 77 and byaty;
(iii)by (X, y)>0 when X#Y, a(X,y)>0.
Then f (X) = f(Y) not hold.
Proof Suppose f(X) = f(y),

K K
A eR . such that Zﬂfl f,(x) < Z
i=1 i=1

then there exists

A5(y) . also

Xis a feasible solution of (VP), (4,4, Y)is a feasible

solution of (VD), so there exists a i/ € R™, such that
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> 19,09 <0<2ng (y) so. zm(m

m

+ z,ujgj(y). easily get

j=1 i i=

—

1 [( (f(x>+ZﬂJg (0)- <Zz1<f(y>+2ﬂjg )
Fbo(x, y)e " -

—Dsa

using Z/lf + Zngj is B-(pr,a) -invex function

i=1

with respect to 77 and b, aty, we have

lp(z AVE(Y) + iijgj(y))(e Py )

+a(x,y)<0.
relation (1) along with a(X, y) > 0, we can get a contr

-adiction, so T (X) = f(y)not hold.

Lemma 3.3[4] We say that g satisfies the generalized
Slater type constraint qualification at a feasible point X if
there exists a feasible point X such that g(x) < 0.

Lemma 3.4[4] Suppose that X is an efficient solution
of (VP), assume that the Slater type constraint qualificat-

ion is satisfied at X . Then, there exist 1 € R* ,A20,
ueR™, 11>0, such that

k m
zﬂ”ini (X)+ Zﬂng ;(X)=0;
=1 =

Zﬂjgj(x): 0.
=1

Theorem 3.5(Strong duality).Suppose that X is an effi
—cient solution of (VP), (£, /,Y)is a feasible solution of
(VD), and the generalized Slater type constraint qualifica
-tion is satisfied at X, then exist A€ Rk,/1>0, /JERm,
>0, such that (A4, 4, X)is a feasible solution of (VD)

and the objective functions of (VP) and (VD) are equal at
X . If the hypotheses of the weak duality theorem 3.1 are

fulfilled, then (A,£4X) is a efficient solution of (VD).

Proof from lemma 3 we can get 34 € R¥,1>0 ,
1 eR™, 11> 0,such that(4), (5) hold, so (A4, 1, X) is
a feasible solution of (VD), from result of theorem 3.1,
we can get T (X) = () not hold for all feasible soluti
-on of (VD), so (A4, 44, X) is an efficient solution of (VD).

Theorem 3.6(Strict Duality). Suppose that

(i) Xand (A, &, Y)be efficient solutions of problems
(VP) and (VD), respectively;

K
i) P4t
i=1

i isB—(pr,a) invex with respect to 77 and
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m
b, aty,and Z HiQjis B—(p,I,C)quasi-invex function

j=I
with respect to77 and b, at Y ;
(i) by (X, ¥) >0 whenX # Y, a(X,y)+C(X,Y)

>0.
Then X=1Y.
Proof Suppose that X # Y, since Xis an efficient

k K

solutions of (VP), so z A f(x) < Z/li f,(y) for A
i=1 i=1

(appear in (A, 1, Y)). easily get

k
1 UOIACACIRAI)
b (xy)e

k

AT

i=1

—1)<0. Also since

is B—(pr,@) -invex function with respect to

nandbj aty, we can get

1 k
— Y AVE(Y)E — 1) +a(x,u)<0. @)
Pia
Since X and (A4, £, Y) be efficient solutions of problems
(VP) and (VD), respectively, so

Z,ujgj(X)S 0< Z,ujgj(y) for g (appear in
j=l1 i=1

(A, 14,Y)), s0

1 r(zm:/‘jgj(x)_zm:/‘jgj(y))
?bl X, y)e ™ = -1)<0.

m
Also z 4;9;is B=(pr,@) quasi-invex function with
i=1

respect to77 and D, at Y , we can get

lZijgj(y)(ep”(X’” — 1) +c(x,u) <0, relatio(1)
P
along with a(X,y)+C(X,Y) =0, we can get

1 k
— Y AVEWEPY —1) +a(x,u) 20, itisa
i=l
contradiction with (4),s0 X =Y.
Theorem 3.7(Converse Duality). Suppose that
(i) Xand(A, &, Y)be efficient solutions of problems

(VP) and (VD), respectively;
(i) any one of the following conditions is satisfied:

k
(a) Z A, T.is strictly B—(p,8) invex with respect to
i=1

m
nandbjaty,and Z H;9;is BH(pr,C) quasi-invex
i=1

function with respect to77 and b, at Y ;
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k m
® DA f+ D ;0 is strictly B«(r,8) pseudo
j=1

i=1
-invex function with respect to77 and b at Y ;
(iii) by (X, y) >0 whenX # y, a(X, y)+C(X,Y)
>0.
Then Y be efficient solutions in problems (VP).

Proof Assume that the condition (a) is fulfilled. We
proceed by contradiction. Suppose that Y is not an effici

-ent solution of (VP). Then there exists a feasible soluti-

K K
on of (VP) X such that z A,(X) Sz A f(y), for A
=) )

(appear in (A4, 1, ) ), easily get

k
rQ A CO-fi(yn)

Lo, xye - ~p=o.

K
Alsoz:/lI f. is strictly B—(p,r,a)- invex with respect
i=1

torandb, at Y , we can get

K

iZﬂwfi (Y)(E""™ — 1) +a(x,u) < 0.

Pia

Since X and (A4, i, Y) be efficient solutions of probl-
(VP) (VD),

Zﬂjgj(X)SOSZﬂjgj(y) for 4 ( appear in
j=1 j=1
(A, 4, Y)

ems and respectively, so

), s0

1 r(zm:/ljg]‘(x)—zm:#jgi()’))
SLICSYCREE A

m
Also z 4;9;is B—(pr,@)-quasi-invex function with
i=1

respect to 77 and b1 at 'Yy , we can get

1 m
— " Vg ()P = 1)+ c(X,U) < 0, relation
P =
(1) along with a(X,y)+c(X,y)=0, we can get
1 k
— Y AVEWEPY = 1) +a(x,u)20, it is a
P
contradiction with (4), so Y be efficient solutions of prob
-lems (VP).
When the condition (b) is fulfilled. We proceed by con

-tradiction. If y isn’t an efficient solution of (VP), there
exists a feasible solution of (VP) X, X # Y such that

k Kk m
Zﬂi(x) Szﬂ“i fi(y) »bYZﬂjgj(X) <0,and
i=l i=1 j=1

OSZ,ujgj(y),wehave
i1
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2 AG0+ 209,02
i=1 j=1

K m k m
Zﬂ’ifi(y)_l_Z:ujgj(y) ,by Zﬂ’ifi-i_ Zﬂjgj
i1 i1 i=1 =

is strictly B—(p,1,8)-pesudo-invex function with respect
torandb, at Y , we obtain

lp(z ﬂ’ini (y) + Z/ijgl (y))(e pr(x,y) _ | )
i=1 j=1

+a(x,y)<0

It’s a contradiction with (2) and (iii). Thus, Yy is an effic
—ient solution of (VP).
Theorem 3.8(strictly converse duality) Suppose that

(i) x is a feasible solution of (VP), (A,4,Y) is a
feasible solution of (VD);
K
i) A FO)<SAF(Y)+u'g(y). D A+

i=1
m
Z 4;9; is strictly B—(p,F,@) pesudo-invex function
j=1
with respect to77 and b, at Y ;
i) a(x,y)>0, b,(X,y)>O0when X#Y.
Then X = Yand Y is an efficient solution of (VD).

Proof Suppose that X # Y ,accordering to

K m
Z At + Z 44;9;is strictly B(p,r,8) pesudo-invex
j=1

i=I
function with respect to77and D, at Y , we can get

1 r[(i&(fi(x)‘*'zm:/ljgj(x))_(ili(fi(Y)‘*'Zm:/ljgj(y))]
Tooope 7 RS
1 Kk m
-2 B(Zﬂ*ini (y)+ Zﬂngj(Y))
i1 =

(eP"" —1)+a(x,y)>0
by b, (X,U) > 0, we can get

k m Kk
DA+ 19,00 =D A f(Y) -

i=l j=1 i=1

Zujgj(y) >0 ,considerz,ujgj(x) <0,so
i=1 j=I1

k Kk m
D 4K 00> DA K+ 4,9,(Y). it's a cont
i=1 i=1 j=1

-radiction with (ii), so X =Y.
If Xisn’t an efficient solution of (VP), then follow the

proof of [Theorem 3.7 ], we can obtain X is an effici
-ent solution of (VP).

IV. CONCLUSION
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In this paper, we introduce new classes of generalized
invex function, that is, classes of B—(p,F,a)-invex func-

tions, B—(p,1,@) quasi-invex functions, B—(p,r,d) pseudo
-invex functions and strictly B—(p,r,8) pesudo-invex

functions, establish Mond-Weir dual problem multi- obje
-ctive programming in which corresponding functions be
-long to the introduced classes of functions, obtain many
duality conditions under weaker convexity, which extend
many results of [4].

Finally, duality problems of minimax fractional prog-
ramming involving the introduced functions should be
considered, Wolfe dual problem also should be consider
-ed in the future.

REFERENCES

[1] T.Antczak, A class of B —(p,r)-invex functions

and ma -thematical programming. J.Math.Anal.Appl.
Vo0l.286, pp.187-206, 2003.

[2] C.R.Bector and
C.singh, B -vexfunctions.J.Optim.Theory.Appl. Vol.71, pp.
237-253, 1991.

[3] T.Antczak, ( P, r) -invex sets and functions. J.Math.Anal.

Appl. Vol.263, pp. 355-379, 2001.
[4] T.Antczak,Generalized B —(p,r) -invexity functions

and nonlincar mathematical programming. Numerical
functional Analysis and Optimazation.. Vol.30,pp.
1-22,2009.

[S] Qingxiang Zhang, Optimality conditions and duality for
se-mi-infinite programming involving B-arcwise connected
functions, Journal of Global Optimization ,Vol 45(4), pp
615-629.20009.

[6] Qingxiang Zhang, Yan Jiang , Ruirui Kang, Suffcient
opti-mality conditions for multiobjective programming

involving (V, p)h o~ type I

Quarterly Journal of Mathematics,
409-416,2012.

[71 XiangYou Li, Saddle point condition for fractional
program-ming.  Preceedings of the 2012eighten
international conference on computational intelligence and
security. pp.82-85, Guang zh -ou.china Nov, 2012.

[8] Zhang Ying, Zhu bo, Xu Yingtao, A class of Lipschitz
B-— ( p, I") -invex  functions and  nonsmooth

programming.OR Transactions. Vol.13, pp. 62-71, 20009.

[9] Liang Zhi’an, Zhang Zhenhua, The efficiency conditions
and duality for uniform invex multiobjective program. OR
Tran-sactions. Vol.13, pp.44-50, 2009.

[10] Morgan A. Hanson, Rita Pini and Chanchal singh,
Multi-objective programming under generalized type I
invexity. J. Math. Anal. Appl. Vol.261, pp.562-577, 2001.

[11] Yu guolin, Zhanng Suling, Efficient and duality for
genera-lized convex multi-objective programming. Journal
of Jilin uni -versity(natural science edition). Vol.45(5),
pp.707-712, 2007 (in Chinese).

[12] Mohamed Hachimi, Brahim Aghezzaf, Sufficiency and
duality in differentiable multi-objective programming
involving generalized type I functions. J. Math. Anal. Appl.
Vo0l1.296,pp.382-392, 2004.

[13] Lin CuoYun, Dong Jiali, Theory and Methond of multi-obj
-ective optimalition. Beijing. 1992.

[14] AM. Hanson, Proper efficiency and theory of vector
maxi-mization. J. Math. Anal. Appl. 22, 618-630, 1968.

functions, Chinese

Vol.27,No.3, pp



176

Xiangyou Li was born in 1976, he received his master degree
in Yanan University in 2004. Now he works in College of Math
-ematics and Computer Science of Yanan University, engages
in optimization theory, algorithm and application.

Qingxiang Zhang was born in 1954, a professor of Yanan

University, engages in optimization theory, algorithm and
Application.

©2014 ACADEMY PUBLISHER

JOURNAL OF SOFTWARE, VOL. 9, NO. 1, JANUARY 2014



