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Abstract—We present the convergent splitting and conver-
gent multisplitting for linear system of algebraic equations
Az = b when the coefficient matrix is a non-hermitian
positive definite matrix. Furthermore, we also establish the
comparison theorems of different splittings or multisplittings

matrices are given in advance, they are not known to
be good or bad, this influences the efficiency of parallel
methods. In fact, none has ever studied that how to choose
optimal weighting matrices, we also discuss this problem

based on numerical radius. Mainly, we propose two new self- in the paper.
adaptive multisplitting parallel methods which the weighting Here, we still use the scalar weighting matri@g) =
matrices are self-adaptive. Finally, we give an application to agk)l, (i=1,2,--,mk=1,2,-) for the nonsingular

solve the two- dimensional advection-diffusion equations. . *) .
matrix A , buta;”, (i = 1,2,---,m, k=1,2,---) are

chosen by finding the best point in the hyperplaiig,
where

Hy = {z|z = Z%(‘k)xgk),

i=1

Index Terms—Non-hermitian matrix, positive definite
matrix, multisplitting, comparison theorem

AMS Subject Classifications:65F10, 65F50
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I. INTRODUCTION
Iterative methods based on matrix splittings play an (1)
important role for solving large sparse systems of linear
equations (see [8] and [20]). The convergence property ofp ;s ) (i=1,2-,m k=12,

. L . . , are the optimal
a matrix splitting determines the numerical behaviour Ofparameters ink-th iteration. In other words, the point

the corresponding iteration method. Therefore, to study *) (k) (k) ) o
various typical matrix splitting is much important in the * " — ,21 a; ‘w; generated by the optimal weighting

modern matrix iterative analysis. Weak regular Sp"ttingmatrice;}@“) — M7 (i=1,2--,m), (k=12

and regular splitting for a monotone matrix (see [2], may be the projection of the solution of linear systems
(8], [20]), and P-regular splitting for a hermitian positive H,. Obviously, the optimal weighting matrices are

definite matrix (see [8,14,20]), are well known conceptSyjterent from the original which are nonnegative (see
of matrix splittings, and they have widely employed [14,16]).

in the convergence anal_ysis of var?ous matrix splitting We firs give some essential notations and preliminaries.
methods, e.g., the classical relaxation methods [8, 20}, useC™*™ to denote the: x n complex matrix set, and

the parallel matrix multisplitting methods [1,4—7,9,10,15-Cn the n-dimensional complex vector set. In particular,
17], and the asynchronous parallel matrix multisplitting,, o ,se R"*" to denote then x n real matrix set. and
methods [2,3,19], for solving the systems of linear equapn ha,,-dimensional real vector set. For anc On,’ 2

tions. However, a little is known whether a splitting of j5 ,5eq to represent the conjugate transpose of the vector
a non-hermitian positive definite matrix is convergent or, £o o marrixA € ¢, H(A) and S(A) are used to

not. Therefore, few matrix splitting methods are used fOrtye e the hermitian and skew-hermitian parts of matrix
solving the systems of linear equations when the coeffiyl respectively, i.e I (A) A"+A 04 S(A) A—A*
1 ) - 2 .

. . . el . . . . 2
cient matrix is a non-herm|t|ar1 posﬂwe definite matrix, Moreover, we use-(A), p(A), and \(4) to denote the
many authors focus opolynomial iterative methodd4 3].

: - " . numerical radius (see [12]), the spectral radius and the
Wang and Bai [18] gave some sufficient conditions Wh|chSpectrum of the matrixd, respectively.

guarantee that a single splitting is a convergent splitting. We call A € C™" a positive definite matrix if

In this paper, we present some convergent splittings anﬁ’s hermitian partH(A) is hermitian positive definite
multisplittings under suitable conditions and establish denoted by H(A) > 0). Evidently, A € C™<"is

some comparison theorems. As we know, the weightin hermitian positive definite matrix if and only if

This is supported by National Science Found of China (11071184)‘4 = H(A). A = M - Nis Ca"?d a Sp'|lttlng of th_e
and National Science Found of Shanxi Province (2010011006) matrix A € C™*"™ if M € C™*"™ is nonsingular. This

k=1,2,-
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splitting is called a convergent splitting{ A/ ~'N) < 1.  Let

(t 1)
f(t) = Y.
II. THE CONVERGENTSPLITTING Then f(¢) < 1 if and only if
To consider the large sparse linear system of algebraic 2% > 1+ 52 (4)
equations '
Az =, (2)  Wereplaces,t by y*H 2 S(A)H 2y, y*H 2 MH 2y

where A is a non-hermitian positive definite matrix. respectively. (4) implies

Theorem 2.1Let A be a positive definite matrix, and let ~ 2y*H *MH 2y > 1+ [y*H 2S(A)H 2y°>. (5)

A = M—N be asplitting. Thep(M~'N) < 1if M+N , o .

is a hermitian positive definite matrix. Based on (3), (5) holds if the following inequality holds
Proof.Let B =M +N = M —(—N). Then the splitting  2y*H -2 MH 2y > 1+ {y*H *|S(A)|H 2y}>. (6)
(M, —N) of the matrixB is a P-regular splitting. Hence,

we obtain thatp(M~1N) < 1. [ Fromy*y = 1, (6) holds if

Theorem 2.2Let A b_e a positive definite matri>_<, an(_j let oM += H + |S(A)|HS(A).

A= M — N be a splitting. Themp(M~'N) < 1if N is

a hermitian matrix and// + N is positive definite. From (3), we havel ' < |S(A)|~'. Hence2M ~ H +

Proof. Let \ be the maximal eigenvalue of the iteration |S(A)|H ~![S(A)| holds if M + M* - H(A) + |S(A)|
matrix M N and v be the corresponding eigenvector. holds. Thus, We obtain

Then -1
M™'N) <1,
M~'Nv = p(M~'N). ol )

. . which completes the proof of this theorem.
It is evident that

Obviously, if|S(A)| = 0, the conditionM/ +M* > H(A)

p(M~IN) = | v*Nv | of Theorem 2.3 is that of a P-regular spitting. But if
N Mo |S(A)| # 0, this condition is sufficient.
<
%%‘*MJ
x*Nx
= raax | e H(A)z + 2°S(A)z + a:*NJ:‘ I1l. THE COMPARISON THEOREMS
< max | "N | In this section, we give the comparison theorems of
~aeCm x*H(A)x +2*Nzx different splittings.
<1 Let P be a semi-hermitian positive definite matrix and
Which completes the proof of this theorem. satisfy
But two kinds of splittings i_n Theorem .2.1. a}nd The- o Pz -2 H(A)z > —(z*S(A)x)2. (7)
orem 2.2 can not be generalized to multisplitting 4f
Hence, we give some conditions 8{A). Theorem 3.1Let A = M; — Ny = My — N> be two
Let U be a unitary matrix and satisfy different splittings, andM; = M, = H(A) + P, then
_ p(M{'N1) > p(My ' No).
5(4) =U"AU, Proof. To obtain the following inequality
whereA is a diagonal matrix.

-1 > -1
Let |S(A)| = U* S(4)| is a hermi- pIM ML) 2 p(My o),

tian positive semi-definite matrix. Here, we suppose thatve only need to prov&'z € C™,

the following condition holds in later sections without *Nyz £* Ny
special explain. x*Mw‘ > x*M2x|'
H(A) —|S(A)| =0 (3)  Which is written as follows,
Theorem 2.3Let A = M — N be a splitting. Assume that | x*S(A)x + x* (M — H(A))x |
M is hermitian andM + M* = H(A) + |S(A)|. Then x*H(A8x+x*(Ml H( 2)1; (8)
the splitting is a convergent splitting. | x*S(A)x + x*(My — H(A))x |
Proof. It is known that we only need to show that T w*H(A)x +a*(My — H(A))x
-1
p(M™"N) <L ) In order to obtain above inequality, we observe that the
From Theorem 2.2, we obtain that function
x*Nax /82 + y2
1 < —
- st L2 nen G
z*S(A)x + =* — T . .
<
< max T H(A)z + 2 (M H(A))z | Differentiating f(y) leads to
y*H 2S(A)H™ zy—|—y*H SMH zy—1 ) yh — s?
= max I'(y) = . 9
y*y:1| v H 3 MH~ - ) (h+y)*/s% + y? )
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f'(y) >0 if yh > 2.
We replaceh, s,y by z*H(A)z, |z*S(A)z],
x*(M — H(A))x. The conditionM; = My = H(A)+ P

guarantees (7). Obviously, the inequality (7) guarantees
the inequality (8). Which completes the proof of this

theorem.[d

Theorem 3.2Let A = M; — Ny = My — Ny be two dif-
ferent splittings. Assume that(H (A)+[S(A)[) < My =
My < H(A) holds. Thenp(M;*Ny) > p(M; *Ny).
Proof. The condition(H(A) + |S(A)|) < My = M,

guarantees the two splittings are convergent splittings. W?I(A) +[S(A). ThenG—! + G~—* = H(A) + |S(A)|

prove that
p(M;'Ny) > p(My ' N).

We know from (9) thatf’(y) < 0 if yh < s*. Thus, the
same analysis as Theorem 3.1, we obtain the conclusio

O

IV. SELF-ADAPTIVE MULTISPLITING
PARALLEL METHODS

JOURNAL OF SOFTWARE, VOL. 7, NO. 11, NOVEMBER 2012

Step 4 If||Az®) — b|| < ¢, stop Otherwise, goto step 1.
Introducing the matrices
G = ZEkMk_l, T = Z EyM:'Ny,  (14)
k=1 k=1

we can express, if7 is nonsingular, the multisplitting
(My, Ny, E)i™_, as a single spliting G~*,G~'T) of
A.
Theorem 4.1Let A= M; — N; (i = 1,2,---,m) be a
multisplitting of A. If M, are hermitian and//; + M} >~
Proof. Since each\f;, is positive definite, from Theorem
2.5 of [3], G is also positive definite and in particular
nonsingular. To obtaiG—! + G=* = H(A) + |S(A)| if
ﬁll’ld only if

G (G 1+ G — (H(A) +|SA))G

=G"+G—-G*(H(A)+|S(4)|)G = 0.
Let Q) = M + M* — H(A) — |S(A)|, thenQy, > 0.
Now, we use essentially the same proof as Nabben [14,
Theorem 3.2]:

In this section, we present three multisplitting parallel
algorithms, one is an application of usually multisplitting
parallel algorithm to the non-hermitian linear systems (see
[16]), others are the new multisplititng parallel algorithm
with self-adaptive weighting matrices, and analyze the
convergence of these multisplitting parallel algorithms for
solving the linear systems (2).

G+ G* — G*(H(A) + |S(A))G
= > (ExM; ' + M Ey)
k=1

- k21 M~ Ep(H(A) + |S(A)|)EjMJ,—1

= > M, *(MjEy + Ex M) M, "

Let A= M; — N; 1=1,2,---,m.
Algorithm 4.1 Give an initial pointz(?), a precisiore > 0

and the reasonable parameters i = 1,2,---,m. For
k=0,1,2,---, until converges.
Step 1
M;a™ = Nz 4p, (10)
Step 2
m
=1

whereE; = o, > 0and > «; = 1.

i=1
Step 3 If[|[Az(®) — b|| < ¢, stop Otherwise, goto step 1.

Algorithm 4.2 Give an initial pointz(?), a precisiore >
0. Fork =0,1,2,---, until converges.
Step 1
Mz® = Nz *=1 4p, (12)
s (]) _ 4, " w
tep 2 Letr,” = Az, —b, r= > a;r; .
=1

minrlr
«

m(k)
s.t. Z a; = 1.
=1
Step 3

k) = Zaixf;k). (13)
i=1
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M, By (H(A) +|S(A))E; M
ko j=1.kAj
= 3 oM QM

k=1

+ >
k,j=1,k#j
(Mt =M

=3 ap M, *Qp M !
=1

ago; M (H(A) +|S(A)))

kj—gzk;éj akay (M = M;™)
(H(A) +[S(A))(M+ — M)

J

NI=

+

Thus, the first sum is hermitian positive definite, the
second sum is positive semi-definite. Hence, we have
completed the proof of this theoreml

Theorem 4.2Let A= M, — N; (i =1,2,---,m) be a
multisplitting of A. If M; are hermitian and//; + M;* >
H(A) + |S(A)|. Then the splittingd = G=! — G™1T is

a convergent splitting.

Proof.We know from Theorem 2.1 and Theorem 4.1 that
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the splittingA = G~ —
O

G~!T is a convergent splitting.

To compare the asymptotic convergence rate of mul-

tisplitting parallel methods resulted from two different
multisplittings (M}, Ny, Ex);", and
(M, Nk,Ek)k:1 of A, we construct matrices

G=Y EM', T=Y EM'N, (15

k=1 k=1
Theorem 4.3Let A = M;—N; = M,; — N£ =1,2,-,m)
be splittings of A. Assume thatM; = M; = H(A) +

Pi=1,2,---,m hold. Thenp(T) > p(T).

Proof.From Theorem 3.1 we know that we only need to

show

G l'>G-1>=H(A)+P (16)

We obtain from Theorem 4.1 and Theorem 3.1 that (16)Theorem 46let A = Ml

holds.]
Theorem 4.4Let A = M;—N; = M;—N; (i = 1,2,-,m)
be splittings ofA. Assume

2403
0. Fork=0,1,2,---, until converges.
Step 1
Mz® = Nz*=D 4 p, (17)
(k) (k) Ty
Step 2 Letr;”’ = Az, —b, r= Y, a;r; .
=1
minr? H 'y
m(k)
s.t. Z a; =1
i=1
Step 3
z*) = Zaixgk) (18)
i=1

Step 4 If||Az®) —b|| < ¢, stop Otherwise, goto step 1.

Ny = H — (-5), and let
= M; — N; (z = 2,---,m) be splittings ofA. If (3)

holds thenz (¥ generated by Algorithm 4.3 converges to

the solution of linear systems (2).

Proof. Let z* be the unique solution for system linear

equations (2). If we write

(k) _ ()

.
g; -5t =1,2,---,m,

1 _

SUH(A) +[S(A))) < My < M X H(A), i =1,--,m.
Thenp(T) > p(T).

Proof.We can obtain from Theorem 4.1 and Theorem 3.2hen
that p(T) > p(T). O

Theorem 45Let A = - N, = H-(-5), and
let A= M; — N; (i =2,---,m) be splittings ofA. If
|[SH~ |, < 1, thenz(®) generated by Algorithm 4.2
converges to the solution of linear systems (2).

Proof. Let x* be the unique solution for system linear
equations (2). If we write

El(-k) ngk)—x*7i:1727"'vm

then

e®) = g®) _ g*,

From Algorithm 4.2, we have

M < Pl
[PE
= ||AM{ N
= JJAMIN; AT AR ),
< |IAM7INGATHg x |4

[N [ < [P

ISH |l < [l D1

Hﬂ’“HA8 M2
T3*[r |2,

where = ||SH™!||».
From the assumptio < 1, we have

lim »® = 0.

k—o0

Thus, we have completed the proof of the theorem.
Algorithm 4.3 Give an initial pointz(?), a precisione >

© 2012 ACADEMY PUBLISHER

e®) = g(®) _ o>,
From the Algorithm 4.3, we have

I H 30|, < ||H 27|,

|H~% 4|

|H™2 AM; Nye®= D],

|H 2 AM{T Ny A H2 H™ % Ae*= D))

|H 2 AM; Ny A Hz ||y x ||[H 2 AsF= D),
|H™2 Ny M ]y x ||H™2r D]
|H™2SH 3|y x ||[H™ 27D

IN

H5k|\H—zAg<0>||2
1G* || H=2r O],

where3 = ||[H-2SH™z||,.
From the assumptiofd < 1, we have
lim ~*) = 0.
k—oo

Thus, we have completed the proof of the theorem.
Consider the system of linear equations

(A + ’LB)(Q?l + 1372) = by + ibo,

wherei denote the imaginary unil and B are hermitian
positive definite matrices. The system of complex linear
equations (19) can be equivalently written as

(19)

Wz =b, W—(g ZB>7
x:(i;) b:(lb’;) (20)
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Thus, we obtain The computation result of Algorithm 4.3 is in the follow-
A0 0 _B ing when the initial vectorz(®) = 0 and the precision
= = j— _5
when A — B is a hermitian positive definite matrix, (3) Table 5.1 Computational results of Algorithm 4.3
holds. n Algorithm 4.3
Obviously, 32 IT 6
S| < ( é? % > CPU(S)|  0.3432
Thus, letA+ B = D - L; —U;(i = 1,2,---,m),
with L being the strictly lower triangular matrices, REFERENCES
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