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Abstract— We present the convergent splitting and conver-
gent multisplitting for linear system of algebraic equations
Ax = b when the coefficient matrix is a non-hermitian
positive definite matrix. Furthermore, we also establish the
comparison theorems of different splittings or multisplittings
based on numerical radius. Mainly, we propose two new self-
adaptive multisplitting parallel methods which the weighting
matrices are self-adaptive. Finally, we give an application to
solve the two- dimensional advection-diffusion equations.

Index Terms— Non-hermitian matrix, positive definite
matrix, multisplitting, comparison theorem

AMS Subject Classifications:65F10, 65F50

I. I NTRODUCTION

Iterative methods based on matrix splittings play an
important role for solving large sparse systems of linear
equations (see [8] and [20]). The convergence property of
a matrix splitting determines the numerical behaviour of
the corresponding iteration method. Therefore, to study
various typical matrix splitting is much important in the
modern matrix iterative analysis. Weak regular splitting
and regular splitting for a monotone matrix (see [2],
[8], [20]), and P-regular splitting for a hermitian positive
definite matrix (see [8,14,20]), are well known concepts
of matrix splittings, and they have widely employed
in the convergence analysis of various matrix splitting
methods, e.g., the classical relaxation methods [8, 20],
the parallel matrix multisplitting methods [1,4-7,9,10,15-
17], and the asynchronous parallel matrix multisplitting
methods [2,3,19], for solving the systems of linear equa-
tions. However, a little is known whether a splitting of
a non-hermitian positive definite matrix is convergent or
not. Therefore, few matrix splitting methods are used for
solving the systems of linear equations when the coeffi-
cient matrix is a non-hermitian positive definite matrix,
many authors focus onpolynomial iterative methods[13].
Wang and Bai [18] gave some sufficient conditions which
guarantee that a single splitting is a convergent splitting.
In this paper, we present some convergent splittings and
multisplittings under suitable conditions and establish
some comparison theorems. As we know, the weighting
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matrices are given in advance, they are not known to
be good or bad, this influences the efficiency of parallel
methods. In fact, none has ever studied that how to choose
optimal weighting matrices, we also discuss this problem
in the paper.

Here, we still use the scalar weighting matricesE
(k)
i =

α
(k)
i I, (i = 1, 2, · · · ,m, k = 1, 2, · · ·) for the nonsingular

matrix A , but α
(k)
i , (i = 1, 2, · · · ,m, k = 1, 2, · · ·) are

chosen by finding the best point in the hyperplaneHk,
where

Hk = {x|x =
m∑

i=1

α
(k)
i x

(k)
i ,

m∑

i=1

α
(k)
i = 1}

k = 1, 2, · · · (1)

Thus,α(k)
i (i = 1, 2, · · · ,m, k = 1, 2, · · ·) are the optimal

parameters ink-th iteration. In other words, the point

x(k) =
m∑

i=1

α
(k)
i x

(k)
i generated by the optimal weighting

matricesE(k)
i = α

(k)
i I, (i = 1, 2, · · · ,m), (k = 1, 2, · · ·)

may be the projection of the solution of linear systems
in Hk. Obviously, the optimal weighting matrices are
different from the original which are nonnegative (see
[14,16]).

We firs give some essential notations and preliminaries.
We useCn×n to denote then×n complex matrix set, and
Cn the n-dimensional complex vector set. In particular,
we useRn×n to denote then × n real matrix set, and
Rn the n-dimensional real vector set. For anx ∈ Cn, x∗

is used to represent the conjugate transpose of the vector
x. For a matrixA ∈ Cn×n, H(A) andS(A) are used to
denote the hermitian and skew-hermitian parts of matrix
A, respectively, i.e,H(A) = A∗+A

2 and S(A) = A−A∗
2 .

Moreover, we user(A), ρ(A), and λ(A) to denote the
numerical radius (see [12]), the spectral radius and the
spectrum of the matrixA, respectively.

We call A ∈ Cn×n a positive definite matrix if
its hermitian partH(A) is hermitian positive definite
(denoted byH(A) Â 0). Evidently, A ∈ Cn×nis
a hermitian positive definite matrix if and only if
A = H(A). A = M − N is called a splitting of the
matrix A ∈ Cn×n if M ∈ Cn×n is nonsingular. This
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splitting is called a convergent splitting ifρ(M−1N) < 1.

II. T HE CONVERGENTSPLITTING

To consider the large sparse linear system of algebraic
equations

Ax = b, (2)

whereA is a non-hermitian positive definite matrix.
Theorem 2.1Let A be a positive definite matrix, and let
A = M−N be a splitting. Thenρ(M−1N) < 1 if M+N
is a hermitian positive definite matrix.
Proof.Let B = M +N = M − (−N). Then the splitting
(M,−N) of the matrixB is a P-regular splitting. Hence,
we obtain thatρ(M−1N) < 1. ¤.
Theorem 2.2Let A be a positive definite matrix, and let
A = M −N be a splitting. Thenρ(M−1N) < 1 if N is
a hermitian matrix andM + N is positive definite.
Proof. Let λ be the maximal eigenvalue of the iteration
matrix M−1N and v be the corresponding eigenvector.
Then

M−1Nv = ρ(M−1N)v.

It is evident that

ρ(M−1N) = | v
∗Nv

v∗Mv
|

≤ max
x∈Cn

| x
∗Nx

x∗Mx
|

= max
x∈Cn

| x∗Nx

x∗H(A)x + x∗S(A)x + x∗Nx
|

≤ max
x∈Cn

| x∗Nx

x∗H(A)x + x∗Nx
|

≤ 1.

Which completes the proof of this theorem.¤
But two kinds of splittings in Theorem 2.1 and The-

orem 2.2 can not be generalized to multisplitting ofA.
Hence, we give some conditions ofS(A).

Let U be a unitary matrix and satisfy

S(A) = U∗ΛU,

whereΛ is a diagonal matrix.
Let |S(A)| = U∗|Λ|U . Obviously, |S(A)| is a hermi-

tian positive semi-definite matrix. Here, we suppose that
the following condition holds in later sections without
special explain.

H(A)− |S(A)| Â 0 (3)

Theorem 2.3Let A = M−N be a splitting. Assume that
M is hermitian andM + M∗ Â H(A) + |S(A)|. Then
the splitting is a convergent splitting.
Proof. It is known that we only need to show that
ρ(M−1N) < 1.
From Theorem 2.2, we obtain that

ρ(M−1N) ≤ max
x∈Cn

| x
∗Nx

x∗Mx
|

≤ max
x∈Cn

| x
∗S(A)x + x∗(M −H(A))x

x∗H(A)x + x∗(M −H(A))x
|

= max
y∗y=1

|y
∗H− 1

2 S(A)H− 1
2 y + y∗H− 1

2 MH− 1
2 y − 1

y∗H− 1
2 MH− 1

2 y
|.

Let

f(t) =

√
s2 + (t− 1)2

t
.

Thenf(t) < 1 if and only if

2t > 1 + s2. (4)

We replaces, t by y∗H− 1
2 S(A)H− 1

2 y, y∗H− 1
2 MH− 1

2 y
respectively. (4) implies

2y∗H− 1
2 MH− 1

2 y > 1 + |y∗H− 1
2 S(A)H− 1

2 y|2. (5)

Based on (3), (5) holds if the following inequality holds

2y∗H− 1
2 MH− 1

2 y > 1 + {y∗H− 1
2 |S(A)|H− 1

2 y}2. (6)

From y∗y = 1, (6) holds if

2M Â H + |S(A)|H−1|S(A)|.
From (3), we haveH−1 ≺ |S(A)|−1. Hence,2M Â H +
|S(A)|H−1|S(A)| holds if M + M∗ Â H(A) + |S(A)|
holds. Thus, We obtain

ρ(M−1N) < 1,

which completes the proof of this theorem.¤
Obviously, if |S(A)| = 0, the conditionM+M∗ Â H(A)
of Theorem 2.3 is that of a P-regular spitting. But if
|S(A)| 6= 0, this condition is sufficient.

III. T HE COMPARISONTHEOREMS

In this section, we give the comparison theorems of
different splittings.

Let P be a semi-hermitian positive definite matrix and
satisfy

x∗Px · x∗H(A)x ≥ −(x∗S(A)x)2. (7)

Theorem 3.1 Let A = M1 − N1 = M2 − N2 be two
different splittings, andM1 º M2 º H(A) + P , then
ρ(M−1

1 N1) ≥ ρ(M−1
2 N2).

Proof. To obtain the following inequality

ρ(M−1
1 N1) ≥ ρ(M−1

2 N2),

we only need to prove∀x ∈ Cn,

| x
∗N1x

x∗M1x
| ≥ | x

∗N2x

x∗M2x
|.

Which is written as follows,

| x
∗S(A)x + x∗(M1 −H(A))x

x∗H(A)x + x∗(M1 −H(A))x
|

≥ | x
∗S(A)x + x∗(M2 −H(A))x

x∗H(A)x + x∗(M2 −H(A))x
|.

(8)

In order to obtain above inequality, we observe that the
function

f(y) =

√
s2 + y2

h + y
.

Differentiatingf(y) leads to

f ′(y) =
yh− s2

(h + y)2
√

s2 + y2
. (9)
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f ′(y) ≥ 0 if yh ≥ s2.
We replaceh, s, y by x∗H(A)x, |x∗S(A)x|,
x∗(M −H(A))x. The conditionM1 º M2 º H(A)+P
guarantees (7). Obviously, the inequality (7) guarantees
the inequality (8). Which completes the proof of this
theorem.¤
Theorem 3.2Let A = M1−N1 = M2−N2 be two dif-
ferent splittings. Assume that12 (H(A)+|S(A)|) ≺ M1 ¹
M2 ¹ H(A) holds. Thenρ(M−1

1 N1) ≥ ρ(M−1
2 N2).

Proof. The condition 1
2 (H(A) + |S(A)|) ≺ M1 ¹ M2

guarantees the two splittings are convergent splittings. We
prove that

ρ(M−1
1 N1) ≥ ρ(M−1

2 N2).

We know from (9) thatf ′(y) ≤ 0 if yh ≤ s2. Thus, the
same analysis as Theorem 3.1, we obtain the conclusion.
¤

IV. SELF-ADAPTIVE MULTISPLITING

PARALLEL METHODS

In this section, we present three multisplitting parallel
algorithms, one is an application of usually multisplitting
parallel algorithm to the non-hermitian linear systems (see
[16]), others are the new multisplititng parallel algorithm
with self-adaptive weighting matrices, and analyze the
convergence of these multisplitting parallel algorithms for
solving the linear systems (2).

Let A = Mi −Ni, i = 1, 2, · · · ,m.
Algorithm 4.1 Give an initial pointx(0), a precisionε > 0
and the reasonable parametersαi, i = 1, 2, · · · ,m. For
k = 0, 1, 2, · · · , until converges.
Step 1

Mix
(k)
i = Nix

(k−1) + b. (10)

Step 2

x(k) =
m∑

i=1

Eix
(k)
i , (11)

whereEi = αiI ≥ 0 and
m∑

i=1

αi = 1.

Step 3 If ||Ax(k)− b|| ≤ ε, stop; Otherwise, goto step 1.
Algorithm 4.2 Give an initial pointx(0), a precisionε >
0. For k = 0, 1, 2, · · · , until converges.
Step 1

Mix
(k)
i = Nix

(k−1) + b. (12)

Step 2 Letr(k)
i = Ax

(k)
i − b, r =

m(k)∑
l=1

αir
(k)
i .

min
α

rT r

s.t.

m(k)∑

i=1

αi = 1.

Step 3

x(k) =
m∑

i=1

αix
(k)
i . (13)

Step 4 If ||Ax(k)− b|| ≤ ε, stop; Otherwise, goto step 1.
Introducing the matrices

G =
m∑

k=1

EkM−1
k , T =

m∑

k=1

EkM−1
k Nk, (14)

we can express, ifG is nonsingular, the multisplitting
(Mk, Nk, Ek)m

k=1 as a single splitting(G−1, G−1T ) of
A.
Theorem 4.1Let A = Mi − Ni (i = 1, 2, · · · ,m) be a
multisplitting of A. If Mi are hermitian andMi + M∗

i Â
H(A) + |S(A)|. ThenG−1 + G−∗ Â H(A) + |S(A)|.
Proof. Since eachMk is positive definite, from Theorem
2.5 of [3], G is also positive definite and in particular
nonsingular. To obtainG−1 + G−∗ Â H(A) + |S(A)| if
and only if

G∗(G−1 + G−∗ − (H(A) + |S(A)|))G
= G∗ + G−G∗(H(A) + |S(A)|)G Â 0.

Let Qk = M + M∗ −H(A)− |S(A)|, thenQk Â 0.
Now, we use essentially the same proof as Nabben [14,
Theorem 3.2]:

G + G∗ −G∗(H(A) + |S(A)|)G
=

m∑
k=1

(EkM−1
k + M−∗

k Ek)

−
m∑

k,j=1

M−∗
k Ek(H(A) + |S(A)|)EjM

−1
j

=
m∑

k=1

M−∗
k (M∗

k Ek + EkMk)M−1
k

−
m∑

k=1

M−∗
k (Ek(H(A) + |S(A)|)Ek)M−1

k

−
m∑

k,j=1,k 6=j

M−∗
k Ek(H(A)

+|S(A)|)EjM
−1
j

=
m∑

k=1

M−∗
k (EkQk

+
m∑

j=1,k 6=j

Ek(H(A) + |S(A)|)EjM
−1
k

−
m∑

k,j=1,k 6=j

M−∗
k Ek(H(A) + |S(A)|)EjM

−1
j

=
m∑

k=1

αkM−∗
k QkM−1

k

+
m∑

k,j=1,k 6=j

αkαjM
−∗
k (H(A) + |S(A)|)

(M−1
k −M−1

j )

=
m∑

k=1

αkM−∗
k QkM−1

k

+ 1
2

m∑
k,j=1,k 6=j

αkαj(M−∗
k −M−∗

j )

(H(A) + |S(A)|)(M−1
k −M−1

j )

Thus, the first sum is hermitian positive definite, the
second sum is positive semi-definite. Hence, we have
completed the proof of this theorem.¤
Theorem 4.2Let A = Mi − Ni (i = 1, 2, · · · ,m) be a
multisplitting of A. If Mi are hermitian andMi + M∗

i Â
H(A) + |S(A)|. Then the splittingA = G−1 −G−1T is
a convergent splitting.
Proof.We know from Theorem 2.1 and Theorem 4.1 that
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the splittingA = G−1 −G−1T is a convergent splitting.
¤
To compare the asymptotic convergence rate of mul-
tisplitting parallel methods resulted from two different
multisplittings (Mk, Nk, Ek)m

k=1 and
(M̄k, N̄k, Ek)m

k=1 of A, we construct matrices

Ḡ =
m∑

k=1

Ek
¯M−1
k , T̄ =

m∑

k=1

Ek
¯M−1
k N̄k, (15)

Theorem 4.3Let A = Mi−Ni = M̄i−N̄i(i = 1, 2, ·,m)
be splittings ofA. Assume thatMi º M̄i º H(A) +
P, i = 1, 2, · · · ,m hold. Thenρ(T ) ≥ ρ(T̄ ).
Proof. From Theorem 3.1 we know that we only need to
show

G−1 º ¯G−1 º H(A) + P. (16)

We obtain from Theorem 4.1 and Theorem 3.1 that (16)
holds.¤
Theorem 4.4Let A = Mi−Ni = M̄i−N̄i (i = 1, 2, ·,m)
be splittings ofA. Assume

1
2
(H(A) + |S(A)|) ≺ Mi ¹ M̄i ¹ H(A), i = 1, · · · ,m.

Thenρ(T ) ≥ ρ(T̄ ).
Proof.We can obtain from Theorem 4.1 and Theorem 3.2
that ρ(T ) ≥ ρ(T̄ ). ¤
Theorem 4.5 Let A = M1 − N1 = H − (−S), and
let A = Mi − Ni (i = 2, · · · ,m) be splittings ofA. If
||SH−1||2 < 1, then x(k) generated by Algorithm 4.2
converges to the solution of linear systems (2).
Proof. Let x∗ be the unique solution for system linear
equations (2). If we write

ε
(k)
i = x

(k)
i − x∗, i = 1, 2, · · · ,m,

then
ε(k) = x(k) − x∗.

From Algorithm 4.2, we have

||r(k)||2 ≤ ||r(k)
1 ||2

= ||Aε
(k)
1 ||2

= ||AM−1
1 N1ε

(k−1)||2
= ||AM−1

1 N1A
−1Aε(k−1)||2

≤ ||AM−1
1 N1A

−1||2 × ||Aε(k−1)||2
= ||N1M

−1
1 ||2 × ||r(k−1)||2

= ||SH−1||2 × ||r(k−1)||2
· · · · · ·
= Πβk||Aε(0)||2
= Πβk||r(0)||2,

whereβ = ||SH−1||2.
From the assumptionβ < 1, we have

lim
k→∞

r(k) = 0.

Thus, we have completed the proof of the theorem.
Algorithm 4.3 Give an initial pointx(0), a precisionε >

0. For k = 0, 1, 2, · · · , until converges.
Step 1

Mix
(k)
i = Nix

(k−1) + b, (17)

Step 2 Letr(k)
i = Ax

(k)
i − b, r =

m(k)∑
l=1

αir
(k)
i .

min
α

rT H−1r

s.t.

m(k)∑

i=1

αi = 1.

Step 3

x(k) =
m∑

i=1

αix
(k)
i . (18)

Step 4 If ||Ax(k)− b|| ≤ ε, stop; Otherwise, goto step 1.
Theorem 4.6 Let A = M1 − N1 = H − (−S), and let
A = Mi − Ni(i = 2, · · · ,m) be splittings ofA. If (3)
holds, thenx(k) generated by Algorithm 4.3 converges to
the solution of linear systems (2).
Proof. Let x∗ be the unique solution for system linear
equations (2). If we write

ε
(k)
i = x

(k)
i − x∗, i = 1, 2, · · · ,m,

then
ε(k) = x(k) − x∗.

From the Algorithm 4.3, we have

|| H− 1
2 r(k)||2 ≤ ||H− 1

2 r
(k)
1 ||2

= ||H− 1
2 Aε

(k)
1 ||2

= ||H− 1
2 AM−1

1 N1ε
(k−1)||2

= ||H− 1
2 AM−1

1 N1A
−1H

1
2 H− 1

2 Aε(k−1)||2
≤ ||H− 1

2 AM−1
1 N1A

−1H
1
2 ||2 × ||H− 1

2 Aε(k−1)||2
= ||H− 1

2 N1M
−1
1 ||2 × ||H− 1

2 r(k−1)||2
= ||H− 1

2 SH− 1
2 ||2 × ||H− 1

2 r(k−1)||2
· · · · · ·
= Πβk||H− 1

2 Aε(0)||2
= Πβk||H− 1

2 r(0)||2,

whereβ = ||H− 1
2 SH− 1

2 ||2.
From the assumptionβ < 1, we have

lim
k→∞

r(k) = 0.

Thus, we have completed the proof of the theorem.
Consider the system of linear equations

(A + iB)(x1 + Ix2) = b1 + ib2, (19)

wherei denote the imaginary unit,A andB are hermitian
positive definite matrices. The system of complex linear
equations (19) can be equivalently written as

Wx = b, W =
(

A −B
B A

)
,

x =
(

x1

x2

)
, b =

(
b1

b2

)
. (20)
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Thus, we obtain

H(W ) =
(

A 0
0 A

)
, S(W ) =

(
0 −B
B 0

)
,

when A − B is a hermitian positive definite matrix, (3)
holds.
Obviously,

|S(W )| ¹
(

B 0
0 B

)

Thus, let A + B = D − Li − Ui(i = 1, 2, · · · ,m),
with L being the strictly lower triangular matrices,
D = diag(A + B) and U not being the strictly upper
triangular matrices. It is obtained thatMi +M∗

i º A+B
if Mi = D − Li − LT

i . Hence, the multisplitting parallel
method based on above multisplitting is convergent.

V. NUMERICAL EXAMPLE

we present numerical results to demonstrate our the-
oretical results for the two- dimensional advection-
diffusion equations,

{ −ν4u + b · ∇u + σu = f in Ω,
u = 0 on Ω.

In all experiments here, we consider the advection-
diffusion equations onΩ = [0, 1] × [0, 1] with a body
force f(x) such that the true solution isu = (u, v),

{
u = sin(πx) ∗ sin(πy),
v = (x2 − x)(y2 − y),

the convection fieldb = (1, 1) and with the parameters
ν = 1, σ = 1. Let Th be a convention decomposition
of Ω into uniform rectangularK. All the numerical
experiments have been performed using the conforming
Q1 finite elementVh,

Vh = {vh ∈ H1(Ω)2| vh|K ∈ Q1(K)2,∀K ∈ Th}.
We consider the standard finite element method, then
the variational formulation of the above two-dimensional
advection-diffusion equations is: finduh ∈ Vh such that

ν(uh, vh)+(b·∇uh, vh)+σ(uh, vh) = (f, vh) ∀vh ∈ Vh.

The stepsizes along bothx andy directions are the same,
i.e., h = 1

32 .
Let the coefficient matrixA split into

A = D − L− U,

where D = diag(A), L is the strictly lower triangle
matrix andU is strictly upper triangle matrix.

We use the following three splittings:
(a) The Gauss-Seidel splitting

M1 = D − L, N1 = U ;

(b) The reversed Gauss-Seidel splitting

M2 = D − U, N2 = L;

(c)The hermitian and skew- hermitian splitting

M3 = H(A), N3 = −S(A).

The computation result of Algorithm 4.3 is in the follow-
ing when the initial vectorx(0) = 0 and the precision
ε = 10−5.

Table 5.1 Computational results of Algorithm 4.3

n Algorithm 4.3
32 IT 6

CPU(s) 0.3432
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