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Abstract—With respect to multiple attribute group decision
making problem with triangular fuzzy linguistic information,
in which the attribute weights and expert weights take the
form of real numbers, and the preference values take the
form of triangular fuzzy linguistic variables, some operators
for aggregating triangular fuzzy linguistic variables, such as
the fuzzy linguistic harmonic mean (FLHM) operator, fuzzy
linguistic weighted harmonic mean (FLWHM) operator,
fuzzy linguistic ordered weighted harmonic mean
(FLOWHM) operator, and fuzzy linguistic hybrid harmonic
mean (FLHHM) operator are proposed. Based on the
FLWHM and FLHHM operators, a practical method is
developed for group decision making with triangular fuzzy
linguistic variables. Finally, an illustrative example about
software selection is given to verify the developed approach.

Index Terms—Multiple Attribute Group Decision Making;
Triangular Fuzzy Linguistic Variables; Fuzzy Linguistic
Ordered Weighted Harmonic Mean (FLOWHM) Operator;
Fuzzy Linguistic Hybrid Harmonic Mean (FLHHM)
Operator

l. INTRODUCTION

In the real world, human beings are constantly making
decisions under linguistic environment [1-12, 20-30]. For
example, when evaluating the “comfort” or “design” of a
car, linguistic terms like “good”, “fair”, “poor” are
usually be used [1]. Sometimes, however, the decision
makers are willing or able to provide only triangular
fuzzy linguistic information because of time pressure,
lack of knowledge, or data, and their limited expertise
related to the problem domain [8]. Thus, Xu[8] developed
some operators for aggregating triangular fuzzy linguistic
variables, such as the fuzzy linguistic averaging (FLA)
operator, fuzzy linguistic weighted averaging (FLWA)
operator, fuzzy linguistic ordered weighted averaging
(FLOWA) operator, and induced FLOWA (IFLOWA)
operator, etc.

The aim of this paper is to develop some harmonic
aggregation operators for aggregating triangular fuzzy
linguistic information, such as the fuzzy linguistic
harmonic mean (FLHM) operator, fuzzy linguistic
weighted harmonic mean (FLWHM) operator, fuzzy
linguistic ordered weighted harmonic mean (FLOWHM)
operator, and fuzzy linguistic hybrid harmonic mean
(FLHHM) operator are proposed. Based on the FLWHM
and FLHHM operators, a practical method is developed
for group decision making with triangular fuzzy linguistic
variables.
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In order to do so, this paper is set out as follows.
Section 2 we introduce the concept of triangular fuzzy
linguistic variable and some operational laws of
triangular fuzzy linguistic variables, and a formula for
comparing triangular fuzzy linguistic variables. Section 3
develop some harmonic aggregation operators for
aggregating triangular fuzzy linguistic information, such
as the fuzzy linguistic harmonic mean (FLHM) operator,
fuzzy linguistic weighted harmonic mean (FLWHM)
operator, fuzzy linguistic ordered weighted harmonic
mean (FLOWHM) operator, and fuzzy linguistic hybrid
harmonic mean (FLHHM) operator. Section 4 we
develop an approach to for group decision making with
triangular fuzzy linguistic variables based on the
FLWHM and FLHHM operators, which is
straightforward and has no loss of information. Section 5
we give an illustrative example about software selection
to verify the developed approach and to demonstrate its
feasibility and practicality. Section 6 concludes the paper.

Il. TRIANGULAR FUZzZY LINGUISTIC VARIABLES
Let S ={Si|i =1,2,-~~,t} be a linguistic term set

with odd cardinality. Any label, S; represents a possible
value for a linguistic variable, and it should satisfy the
following characteristics: (UThe set is ordered: s; > S;,if
@ There is the

rec(s;)=s; suchthat i =t+1— j; ®Max operator:

i>j reciprocal  operator:

max(si ' S; ) =5 Min operator:

cif 528,

min(si,sj):si, if ;<s;. For example, S can be
defined as [5]

S ={s, =extremely poor,s, = very poor,

s, = poor,s, = medium, s, = good,

ss = very good, s, = extremely good}

To preserve all the given information, we extend the
discrete term set S to a continuous term

setS_:{Se1 SISSaSSq,ae[l,q]}, where g is a

sufficiently large positive integer. IfS, € S, then we call

S, the original linguistic term, otherwise, we call S, the
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virtual linguistic term. In general, the decision maker uses
the original linguistic term to evaluate attributes and
alternatives, and the virtual linguistic terms can only
appear in calculation [5].

Definition 1. Let sa,sﬂ IS S_, then we call

d(s,.s,)=|a-A] (1)
the distance between S, and Ss [8].

In the following we introduce the concept of triangular
fuzzy linguistic variable.

Definition 2. Let §:[Sm,sﬁ,sy]eS~ ., where

Su155:S, eSS, Su1Sp and S, are the lower, modal

ﬁl
and upper values of §, respectively, then we call Sa
triangular fuzzy linguistic variable, which is characterized
by the following member function [8]

0, S <S,<Ss

a

d(s,s,)/d(s55,) s, <s,<s,

(8)=
#5(9) d(s,s,)/d(s8,), s,<s,<s,
0, s, <s,<s,
)
Clearly, Sy gives the maximal grade

of 4 (0)(1s(0)=1), s, and s, are the lower
and upper bounds with limit the field of the possible
evaluation. Especially, if s, =S,=5s , then § is
reduced to a linguistic variable.

Let S be the set of all triangular fuzzy linguistic
variables. Consider any three triangular fuzzy linguistic

variables S z(Sa,Sﬂ,Sy) . § :(Sal’sﬂl’sn) ,
S, =(Saz,sﬁ2,sy2)e S, and suppose that A € [0,1],
then we define their operational laws as follows:

(1) §,®S, :(sal,sﬂl,sh)(@(s S, ,S )

a "By Ty
:(Salaz’sﬁlﬂz’sh}’z);
e A
(2 8 =(5,,545,) —(sa“sﬁusyl).

@ §7=(5,058,) " =(55,5.5y,)

In the following, we introduce a formula for comparing
triangular fuzzy linguistic variables.
Definition 3.

Let§=(s,.5,5, ) . §=(5,,.5,.5,) €S then the
degree of possibility of § =S, is defined as[8]
p(§12§2)=/1rrax{1—rmx[d(s@,spi)/(d(sﬁl,sq)+d(sﬁz,s%)),OJ,O}+

(1-2) rmx{l—n'ax[d(syz,s/i)/(d(syl,sﬁ) +d(syz ,34)) ,OJ,O}
©)
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where the value A is an index of rating attitude. It
reflects the decision maker’s risk-bearing attitude. If
A < 0.5, the decision maker is risk lover. If 4 =0.5,
the decision maker is neutral to risk. If 4 >0.5, the
decision maker is risk avertor.

From Definition 3, we can easily get the following results
easily:

1) 0<p(§=5,)<10<p(s

,>8§)<1;
@ p(5=5)+p(5=5)=1

Especially,

I1l. SOME HARMONIC AGGREGATION OPERATORS
WITH TRIANGULAR FUZZY LINGUISTIC INFORMATION

Based on the well-known harmonic mean[13-15], in
the following, we shall develop some harmonic
aggregating operators to deal with triangular fuzzy
linguistic information.

Some operators are proposed as follows:

Definition 4. LetFLWHM:S" — S | if
FLWHM, (5,5,,--5,)

=(a)l(§l)7l@a)2(§2)71@°--@a)n(§n)7l)71 4)

where @ = (a)l,a)z,---,a)n) is the weighting vector of

triangular variables

5(5€S.i=12-.n) witha)ie[O,l],Zn:a)izl,
i=1

fuzzy linguistic

then function FLWHM is called the fuzzy linguistic
weighted harmonic mean (FLWHM) operator of

dimension n. Especially, if a):(l/n,l/n,---,l/n),

then FLWHM operator is reduced to a fuzzy linguistic

harmonic mean (FLHM) operator.

Definition 5. Let §i(i:1,2,---,n) be a set of

triangular fuzzy linguistic variables, and
FLOWHMW(§1,§2,---,§n)
:(Wl(',l)—lc_DWz(r_z)—l@m@Wn(Fn)_l)—l (5)

whereW:(Wl,Wz,--.,Wn) is the associated weighting

n
vector, with W; E[O,l], ZWJ =1,and Fj is the j-th
j=1
largest element in the triangular fuzzy linguistic variables
set (§1,§2,-~,§ ) then the function FLOWHM is

called the fuzzy linguistic variables ordered weighted
harmonic mean (FLOWHM) operator of dimension n .
To rank these triangular  fuzzy linguistic

variables §j(j =1,2,~--,n), we first compare each
argument S, with all the triangular fuzzy linguistic

variables §;(j=12,---,n) by using Eq. (3). For
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simplicity, we let p; = p(§i > §j), then we develop a

complementary matrix as P = ( P; )nxn , Where

p; 20, p;+p; =1 p;=05,1,j=12,--,n

Summing all the elements in each line of matrix P, we

get
p; :Zpij,i =12,---,n
j=1

Then we rank the arguments §j in descending order in

accordance with the values of (i =12,---, n) )

From Definitions 4 and 5, we know that the FLWHM
operator weights the triangular fuzzy linguistic arguments
while the FLOWHM operator weights the ordered
positions of the triangular fuzzy linguistic arguments

instead of weighting the arguments themselves. Therefore,

weights represent different aspects in both the FLWHM
and FLOWHM operators. However, both the operators
consider only one of them. To solve this drawback, in the
following we shall propose a fuzzy linguistic hybrid
harmonic mean (FLHHM) operator.

Definition 6. A fuzzy linguistic hybrid harmonic mean
(FLHHM) operator is defined as follows:

FLHHM,, , (5,,5,,---.,5,)

=(w(5) @ w, (R) @ @w, (1))

where W = (W,, W,, -+, W, ) is the associated weighting

(6)

n
vector, withW; 6[0,1], ZWJ =1,and I’J is the j-th
j=1
largest element of the triangular fuzzy linguistic weighted
ol o S .
argument §| § =—— |, 0=(w,@,, -, @,) is the
N,
weighting vector of triangular fuzzy linguistic variables

§i(i=1,2,---,n) ,with a)ie[O,l],Zn:a)i =1, and
i=1

N is the balancing coefficient, then the function FLHHM
is called the fuzzy linguistic hybrid harmonic mean
(FLHHM) operator of dimension n. Especially, if

=(1/n,1/n,---,1/n)T, then FLHHM is reduced to
the fuzzy linguistic weighted harmonic mean (FLWHM)
operator; if @=(1/n,1/n,---,1/n), then FLHHM is

reduced to the fuzzy linguistic variables ordered weighted
harmonic mean (FLOWHM) operator.

IV. AN APPROACH TO GROUP DECISION MAKING
UNDER TRIANGULAR FUZzzY LINGUISTIC
ENVIRONMENT

In this section, we shall develop an approach based on the
FLWHM and FLHHM operators to group decision
making under triangular fuzzy linguistic environment as
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follows.

:{Al,Az,‘--,An} be a discrete set of
Gz{Gl,Gz,---,Gn} be the set of

attributes, @ = (0, @,, -, ®,

alternatives,

) is the exponential

weighting attributes

vector of the
G, (j=12-.n) ,
E[O,l] , Zn:a)j =1, D={D1,D2,'-~,Dt} be the

=

where

set of decision makers, and v = (vl,vz,‘--,vt) be the

weighting vector of decision makers, where v, € [0,1],

t
ka =1. Suppose that R, = (ﬁj(k)) is the fuzzy
k=1 mxn

linguistic decision matrix, where I’ij(k)eS~ is a

preference value, which take the form of triangular
fuzzy linguistic variable, given by the decision

maker D, € D, for the alternative A € A with respect

to the attribute G; € G .

Step 1. Utilize the decision information given in
matrix R, , and the FLWHM operator
i = FLWHM, (£, 75,
i =1’21”'1m1k =1’21”'|t

to derive the individual overall preference value I’i(k) of

o)

the alternative A, .
Step 2. Utilize the FLHHM operator:

= FLHHMV,W(ﬁ(l),ﬁ(z),“',ﬁ(t)), i=12---,m

to derive the collective overall preference values

I’i(i =1 2,---,m) of the alternative A ,where
v=(v,V,,---,v,) be the weighting vector of
decision makers, with v, €[0,1] |, ka =1 ;
W= (W, W,,--, W, ) is the associated weighting vector

n
of the FLHHM operator, withw; € [0,1], lewj =1.
J=
Step 3. To rank these collective overall preference
values f; (i=1,2,---,

m) ., we first compare each F;

with all the T, (j =1, 2,---,m) by using Eq. (3). For

simplicity, we let p; = p(F >

, I’j), then we develop a

P=(py),., -

Py +P;=1 . py=05,

complementary matrix as

p; =20

where
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iLj=12,---,m

Summing all the elements in each line of matrix P, we

have
p; :Zpij,izllzl...,m
j=1

Then we rank the collective overall preference values
I’i(i :1,2,---,m) in descending order in accordance

with the values of p; (i =1,2,---,m).

Step 4. Rank all the alternatives A (i=1,2,---,m)
and select the best one(s) in accordance with the
collective overall preference values f; ( =12, )
Step 5. End.

V. ILLUSTRATIVE EXAMPLE

In this section, an example is provided. A software
selection problem can be calculated as a multiple attribute
decision making problem in which alternatives are the
software packages to be selected and criteria are those
attributes under consideration. A computer center in a
university desires to select a new information system in
order to improve work productivity. After preliminary

screening, five alternatives A(i=l,2,~-,5) have
remained in the candidate list. Three decision makers
(experts) D, (k =1,2,3)form a committee to act as

decision makers. The investment company must take a
decision according to the following four attributes: G;

is the costs of hardware/software investment; G, is the
contribution to organization performance; Gs is the
effort to transform from current system; G, is the

outsourcing software developer reliability. The five

possible alternatives A (i =1,2,--~,5) are to be
evaluated using the linguistic term set S by the three
decision makers (whose weighting vector

V:(O.4,0.5,0.l)) under the above four attributes, and
construct, respectively, the decision matrices as follows

R =("),  (k=123) :

A((8:5:5) (S5508) (S5:8) (8:55)
Al (5:5:8) (515%:5) (5:5:%) (5:5:8)
R=A[($5%%) (8:58) (30%%) (S5%)
Al(5:%:%) (35:8) (5:88) (55%)
Al(s:8:8) (50%:8) (S:80%) (S1805)
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Al(s5:8) (8:8%) (5:%) (8:8:%)
N/%(%%ﬂ(%%)(p%ﬂ(%%ﬂ
R=Al(555%) (55%) (35%) (5:5%)

&(p%y(%%)(%%ﬂ(%%)

Al(S:50%) (805:%) (Su808) (80508)

A(%%w(%%ﬂ (508:8) (85:58)
A (B%8) (258) ($5%8) (2953)
R=A|(555%) (%8) (%5) (55%%)

Al(50%:8) (:5:8) (50%:%) (5:5:5)

Al(8:5:8) (50%:8) (S0808) (%:5%:5)

Then, we utilize the approach developed to get the
most desirable alternative(s).
Step 1. Utilize FLWHM

(Letw = (0.3, 0.1,0.2, 0.4) ), we get

operator

F‘l(l)=(3128,5235,3359),F2(1) (St60+Sr53 Ss0s )
Y = (Spa0: Sa03r 5570 )+ F = (Spa1s Sa090 Sas)
FY = (S,16:Su14:S553) s B ) = (Suasr Spap» Saes )
AR P T AL A
F? = (S1s4 274 S005) s F ) = (107 Sasr Susa)
A IS 1Y A
F¥ = (Sy57 Sues Ssss ) ) = (Spe7: Sg781 S510 )
£ = (5,151 S5.401 Suss )
Step 2. Utilize the FLHHM operator

(lety = (0.3, 0.4,0.3), w=(0.4,0.3,0.3)), we get

2]

h= (31.320’ S2.509 53.938) = (51.630’ Sy0140 s4.127)
= (32.213' S3.8251 S5.284 ) P = (52.011’ S32147 S4.608)

-

I5 = (52.104’ S3867) 55.069)
Step 3. Suppose that the decision maker’s attitude neutral
to the risk, i.e., p=0.5, then by using Eg. (3), and
develop a complementary matrix:
[0.500 0.390 0.087

0.610 0.500 0.178
0.913 0.822 0.500
0.749 0.643 0.315 0.500 0.330
10.905 0.813 0.479 0.670 0.500

Summing all the elements in each line of matrix P, we
have

0.251
0.357
0.685

0.095
0.187
0.521

P, =1.323,p, =1.831, p; =3.442
p, = 2.538, p, = 3.367.
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Then we rank the collective overall preference values
F(i=1,2,3,4,5) in descending order in accordance

with  the  values of p (i :1,2,---,5)

(Al A Pl Al
Step 4. Rank all the alternatives A (i =12,---,5) in
accordance with the overall preference

values f(i=1,2,---,5) : A>A>A>A>A,

and thus the most desirable alternative is A, .

V1. CONCLUSION

In this paper, we have investigated the MAGDM
problems with triangular fuzzy linguistic variables. We
have introduced the concept and some operational laws of
triangular fuzzy linguistic variables and proposed some
new harmonic aggregation operators for aggregating
fuzzy linguistic variables. We have proved both FLWHM
and FLOWHM operators are the special case of the
FLHHM operator. The FLHHM operator generalizes both
the FLWHM and FLOWHM operators, and reflects the
importance degrees of both the given arguments and their
ordered positions. Based on the FLWHM and FLHHM
operators, we have proposed an approach to MAGDM
under triangular fuzzy linguistic environment. We have
also applied the proposed approach to the practical
problem for software selection.
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