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Abstract—Formal concept analysis (FCA) is a valid tool
for data mining and knowledge discovery, which identifies
concept lattices from binary relations. Given a nonempty
finite set A of binary attributes, one obtains a maximal
binary relation R™* based on a relation schema S(A).
Firstly, we analyze concepts in R™** and the concept lattice
L(R™*), and there are some important results as follows:
for any two concepts in R™**, the union of their intents
is an intent of some concept in R™**, and further the
intent of their supremum is the union of their intents;
for any two concepts in R™**, if one of them is not a
sub-concept or super-concept of the other one, then the
union of their extents is not an extent of any concept
in R™*%; L(R™**) is a complemented distributive lattice.
Secondly, we provide the structural connection between
L(R) and L(R™**): for any relation R based on S(A),
there is a supremum-preserving order-embedding map from
L(R) to L(R™*), and conversely, there is an infimum-
preserving order-preserving map from L(R™*) to L(R),
which is generally not a surjective homomorphism. Thirdly,
we propose two algorithms to extract concepts in R from
L(R™**), which are respectively based on intents and
extents of concepts, and prove their soundness. These results
have already been used to analyze the data in architectual
engineering and medical science.

Index Terms— concept lattices; relation schemas; maximal
binary relations; order-preserving maps

I. INTRODUCTION

FCA[6] is an effective data analysis technique, which
automatically generates hierarchies called concept lattices
from contexts. Recently, concept lattices have already
been successfully applied to a wide range of scientific
disciplines such as knowledge discovery [1, 3, 4, 5, 8-
11, 15, 18], information retrieval [2, 13, 16, 19], software
engineering [12, 20], rough set theory [17, 21, 23, 25],
and knowledge ontology [7, 14].

As many practical applications involve binary data, this
paper discusses the concept lattices of binary relations
(contexts). Given a nonempty finite set A of binary
attributes, one obtains a maximal binary relation R™#*
on a relation schema S(A). This paper mainly analyzes
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concepts in R™** and the concept lattice of R™**. Gen-
erally, given a relation R based on S(A), for any two
concepts in R, the union of their intents may not be
an intent of any concept in R. However, compared with
general relations, R™?* is a special one, and thereby it
has more properties, and this paper obtains the following
results: for any two concepts in R™?*, the union of their
intents is an intent of some concept in R™?*, and further
the intent of their supremum is the union of their intents;
for any two concepts in R™#*, if one of them is not a
sub-concept or super-concept of the other one, then the
union of their extents is not an extent of any concept in
R™ax; L(R™) is a complemented distributive lattice.
The connection among three concepts in R™#* is also
considered. For any relation R based on S(A4), R is
a sub-relation of R™?*, and their concept lattices have
the following structural connection: there is a supremum-
preserving order-embedding map from L(R) to L(R™*¥),
and conversely, there is an infimum-preserving order-
preserving map from L£(R™**) to L£(R), which is gen-
erally not a surjective homomorphism. Furthermore, this
paper provides two equivalent algorithms to extract all
concepts in R from L£(R™*).

This paper is organized as follows. Section 2 gives
some necessary notions. Section 3 discusses concepts in
R™#% and the concept lattice of R™#*. Section 4 firstly
analyzes the connection between the concept lattice of R
and the concept lattice of R™2*, and secondly provides
two algorithms to extract concepts in R from the concept
lattice of R™#*. Section 5 concludes the paper.

II. PRELIMINARIES

In FCA, a context K = (G, M,I) consists of two
sets G and M and a relation I between G and M. The
elements of G and M are respectively called objects and
attributes. For any g € G and m € M, (g,m) € I (or
gI'm) implies that the object g possesses the attribute m
[6]. The relation I induces two maps % and h¥ between
the power set P(G) of G and the power set P(M) of M.
For a set X € P(G) of objects, fX(X) is defined as:

FE(X) ={m e M :Vg € X(gIm)},
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which is the set of attributes common to the objects in
X. Correspondingly, for a set Y € P(M) of attributes,
RE(Y) is defined as:

RE(Y)={g€G:V¥mecY(gIm)},

which is the set of objects which have all attributes in Y.

Given a context K = (G, M, I), for any X € P(G)
and Y € P(M), the pair (X,Y) is called a (formal)
concept if f5(X) =Y and h*(Y) = X, where X and
Y are respectively called the extent and the intent of the
concept. The set of all concepts of K is denoted by L(K).
If (X1,Y1),(X2,Ys) € L(K) are concepts, (X1,Y7) is
called a sub-concept of (X2,Y>), provided that X; C X5
(which is equivalent to Y2 C Y7), denoted by (X;,Y7) C
(X2,Y3). In this case, (Xo,Ys) is a super-concept of
(X1,Y1). The relation C is an order on £(K), called the
hierarchical order of the concepts. The hierarchical order
produces a lattice structure in £(K), called the concept
lattice of the context K, also denoted by L(K). L(K) is
also a complete lattice in which infimum and supremum

are given by [6]:
() A F5p5( BY)

N\ (Ai, By) =

teT teT teT
\ (A, By) = (W 5 (| 40, () By,
teT teT teT

where T is an index set, and infimum and supremum
respectively represent the largest common sub-concept
and the small common super-concept of some concepts.

Actually, a binary relation in relation databases is a
context in FCA. A binary relation R based on a relation
schema S(A) can be represented by a triple (U, A, ),
where U is a nonempty set of tuples, A is a set of binary
attributes, and I is a map from U x A to {0,1} such
that for any (r,a) € U x A, I(r,a) = 1 < rla. In the
following sections, we write r(a) = 1 instead of I(r,a) =
1, and use M and U instead of A and \/, respectively. For
every concept in a relation, the extent and the intent of
the concept are closely connected by the map I, and each
of the parts determines the other and thereby the concept.
The next descriptions state further rules of this interaction:
Given a relation R = (U, A,I), X, X7, Xs C U are sets
of tuples, then

o X; C X, = fR(X,) C fR(Xy)
e X ChFE(X)
° fR(X) — thRfR(

)
nghR(Y)@Yg FR(X)

o fE(X1UXo) = fH(X1) N fH(X2)
o [H(X1) U fH(Xs) C fH(X1 N X)
o X1 C Xy = hBfR(X)) C hEFR(Xy).

Dually, Y, Y7,Y> C A are sets of attributes, then

eV CY, > hR(Yé) - hR(Yl)
oY C fERE(Y)

o WI(Y) = i fRRE(Y)

e WI(Y1 UYy) = hi{(Yy) N hE(Y?)

o W (Y1) UhR(Ys) C hB(Yy NYa)

o Vi C Yy = fERE(Y)) C fERE(YR).

©2013 ACADEMY PUBLISHER

1309

III. THE MAXIMAL RELATION BASED ON A GIVEN
RELATION SCHEMA AND ITS CONCEPT LATTICE

Given a nonempty finite set A of binary attributes,
we obtain a maximal relation R™®* = (U™#*, A, [™aX),
which is based on the schema S(A). The maximality of
R™2* can be described as follows: for any attribute a € A,
there are two tuples r1,7ro € U™ such that 1 (a) = 1
and 72(a) = 0, and for any relation R = (U, A, I), there
is U C U™ For any X C U™ and Y C A, the pair
(X,Y) is a concept in R™**, if there are:

(X)) ={ae A:VreX(r(a) =1)} =,
RETH(Y) = {r e U™ :Va € Y(r(a) = 1 }

The concept lattice of R™* is denoted by L(R™?2*). By
the maximality of R™#%, there is a tuple, which has all
attributes in A, and therefore the extent of the smallest
concept in R™2* is not empty, ie., h''" (A) # 0.
Obviously, for any two concept in R™?*, the intersection
of their extents is not empty.

Generally, given a binary relation R = (U, A,I), a
subset of A may not be an intent of any concept in R.
However, for R™2%, each subset of A is an intent of some
concept in R™2*. In other words, for any nonempty subset
Y C A and attribute a ¢ Y, there exists a tuple r € U™,
which has all attributes in Y, but does not have a.
Proposition 3.1. For every set Y C A, Y is an intent of
some concept in R™*. Obviously, there are 2/“! concepts
in RMa% where 2141 is the number of all subsets of A.
Proof: For any ¥ C A, we must show that
R RE™(Y) = Y. There are the following cases:

Case 1: if Y = (), then the proposition holds.

Case 2: if Y = A, then the proposition holds.

Case 3: if Y # 0,A. We have that Y C
FERET(Y). Conversely, assume that there exists an
attribute @ € T RETT(Y) but @ ¢ Y. As a €
FETERE(Y), we have that:

a€ fETRETT(Y)
& Vre b)) (r(a) = 1)
& Vr(vbeY(r(b)=1) = r(a) =1).

This means that for any tuple r € U™®*, if r has all
attributes in Y, then r also has the attribute a. However,
the result does not hold in R™?*. In fact, we can construct
a tuple 7’ as follows: for any attribute b € A,

1 if beY
r'(b) = 0 if b=a
0 else

Obviously, r’ € U™a* has all attributes in Y, but 7’ does
not have the attribute a. This leads to a contradiction.
Therefore, Y is an intent of some concept in R™?*, i.e.,
each subset of A is an intent of some concept, and hence
there is 214! concepts in R™#,

Example 3.1. Given a set A = {a,b,c} of binary
attributes, based on the schema S(A), we obtain the
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maximal binary relation R™#* as follows:

a b c
111

ro |1 1 0

T3 1 0 1

R™ = 7411 0 O
rs |0 1 1

Te 01 0

r 10 0 1

rg |0 0 O

The concept lattice of R™#* is shown in Figure 1. In
order to make the above proposition more clearer, we
label the extents and the intents of all concepts in the
concept lattice. From the figure, we easily obtain the
following results: for any two concepts, the intersection
of their intents is not empty; each subset of A is an intent
of some concept, and there are 23 =8 concepts.

&
T1
The concept lattice of R™2* in example 3.1

Figure 1.

About concepts in R™**, we have further the following
results: for any concepts (X7,Y7) and (X5, Y2), the set of
attributes common to the tuples in X; N X5 is equivalent
to Y1 UY5, which means that the intent of their supremum
is the union of their intents; for any concepts (X1, Y7),
(X2,Y3) and (X3,Y3), the set of attributes common to
the tuples in X; N (X2 U X3) is equivalent to Y7 U (Ya N
Y3), and the set of attributes common to the tuples in
X1 U(X2NX3) is equivalent to Y7 N (Y2 UY3), as shown
in the next proposition.

Proposition 3.2. For any concepts (X1,Y7), (X2,Y5),
(X3,Y3) € L(R™>*), there are

(XN Xy) =Y UY,

hR ( u‘xfaf ( !H(§1 U (X2 m Xg)) max max

= pBT PR (X U X)) BT PR (X U XG)
[ ] me(ax (Xl N (XQ U Xg)) = Yl U (Y2 N Yg)

mex (X1 U (X5 N X)) = Y10 (Y2UY3)

hR fR I]]gLXXTl Q)a(XX2 U XB))

=X, NART FETT (X, U X3).

Proof: Firstly, if Y; UY; = (), then the proposition holds.
We assume that Y1 UY> # (). For any attribute a € Y;UY5,
we have that a € Y7 or a € Ys. For any tuple r € X1N X5,
there are » € X; and r € X,. Because (X,Y7) and
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(X2,Y3) are concepts in R™#*, there are r(a) = 1, and
thereby a € ff"" (X, N X5), and consequently Y; U
Yy C R (X) N Xy). Conversely, 777 (X, N Xy) C
Y7 UY, also holds. Or else, there exists an attribute a €
R (X1 N Xs) but a ¢ Y7 UYs. We construct a tuple
r as follows: for any attribute b € A:

1 ifberuYs
r(b)=¢ 0 ifb=a
0 else
Because (X1,Y7) and (X5, Y3) are concepts, r € X; and
7 € X, and hence 7 € X;NX,. Because a € f7" (XN
X3), r(a) = 1, which is not consist to r(a) = 0.
Secondly, by the rules described in section 2, there are
R PR (X U (X N X))
= AT (FRTT(X U (X2 N X))
B (PR (X0) 1R (X 0 X))
) 0 (7 () U ()
(Y1Nn(Y2UY3))
hR"’a"((Y1 NY2) U (Y1 NY3))
(
(

RET (Y N Y,) N AR (Y N Y3)
R R () PR (X))
B PR (0) 1 (X))
=R X) 1 AR PR (U Xy,

Thirdly, because X U X3 may not be an extent, we
do not directly use the above results. We show that
X)) U (T (X)) n (X)) € (XN
(X2 U X3)). Actually, there are

X1N(XaUX3) C X,
= fR ) (Xl) - fR ) (Xl N (X2 UXg))
le(XQUX;g) C XoU X3
= "X UX5) C TG
Hence, there are
SR X U () 0 R (X))
= (X)) U (X UXG)
- fR (Xlﬂ(XQUXg)).

Conversely, " (X1 N (X, U X3)) € fE"7 (X)) U
(™ (Xo)Nf R (X3)) = Y1U(YaNY3) also holds. Or
else, there exists an attribute a € f% (X; N (XyUX3))
but o ¢ Y1 U (YanNYs) = (Y1 UYz) N (Y1 UY3), and
thereby a ¢ Y1 UY5 or a ¢ Y7 UYs;. Therefore, there are
the following cases:

N (X2 U X3))a

Case 1: a ¢ Y1 UY; but a € Y7 UY;. We construct a
tuple r1 as follows: for any attribute b € A,
1 ifbeYiUY;
ri(b)=¢ 0 ifb=a
0 else
Obviously, r; € X; N (X2 U X3). However, r1(a) = 0,
which leads to a contradiction.

Case 2: a ¢ Y1 UY3 but a € Y7 UY,. We construct a
tuple ro as follows: for any attribute b € A,
1 ifbeY1UY;
ro(b)=4¢ 0 ifb=a
0 else
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Obviously, ro € X7 N (X3 U X3). However, r2(a) = 0,
which leads to a contradiction.

Case 3: a ¢ Y1 UY5 and a ¢ Y7 U Y3. We have that
a ¢ Y1 UY;UYs3, and construct a tuple 73 as follows: for
any attribute b € A,

1 ifb€Y1UY2UY3
ifb=a
0 else

Obviously, r3 € X1 N (X2 U X3). However, r3(a) = 0,
which leads to a contradiction.

Fourthly, in fact,

fR:iI(Xl U (X2 N X3))

SR (X)) N A (X N Xs)

SR (X)) 0 (PR (X)) U PR (X))
YN (Y2UY3).

Fifthly, by the rules described in section 2, there are

X1 NRE™ PR (X, U X3)
= X NPT (X0) N fET(XG))
AR (Y1) N AR (Yo N Ys)
A (Y1 U (Yo N Y3))
R (R (X)) U (7 (X)) N
= RFTRTT(X N (X2 U Xs)).

FR (X))

Corollary 3.1. For any two concepts (X1,Y7), (X2,Y2) €
E(Rmax)’ there is (Xl, Yl) 1 (.ng7 Yg) = (X1 N XQ, Yl U
Ys).

Proof: For any (X1,Y1), (X2,Y2) € L(R™*¥), there are

Xl ’ Yl) max max
X1 N X, f7RETT (Y1 U Y2))
X1N Xy, [ (M (Y1) N AT (Y2)))

( (X2,Ys)
E
(X7 N Xy, fR‘“a"(X1 N Xy))
(
(

(X)) U RETT(X))
X1NXo, Y1 U }/2)

As mentioned above, for every set Y C A, A—Y is an
intent of some concept in R™?*. Thus, for any concept
(X,Y) in R™® (B (A—Y), A=Y is also a concept
in R™®*, which is called the complementary concept of
(X,Y), denoted by ~ (X,Y).

Proposition 3.3. £L(R™**) is a complemented distributive
lattice.

Proof: Firstly, £L(R™*) is a complemented lattice. Be-
cause each subset of A is an intent, for any concept
(X,Y) € L(R™), (W™ (A - Y),A —Y) is the
complement concept of (X,Y). It is easily inferred that
the infimum and the supremum of a concept and its com-
plementary concept are respectively the largest concept
and the smallest concept in R™&*.

Secondly, £L(R™*) is a distributive lattice. On the one
hand, for any concepts (X1,Y7), (X2,Y2), (X3,Y3) €
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L(R™**), there are

Xl,Yl) ((XQa}/Q)l_l
X17Y1)

( (X3,Y3))

( (X2 N X3,Y5 UY3)By Corollery 3.1)

(RE™ PR (X U (X2 N X3)), YN (Y U Ys))

(RE FE (X U (Xo N X3)), (Y1 NYa) U
= (A" fR““‘* (X1 U Xo) NRE™ FE (X, U X3),

(

(

(

Y1NY3)U (Y1 NYs))

RETT AR (X U Xp), Yy N YY)
hRKIlaXfRH)aX (Xl U X3) Yl m Y3)

= ((X1,Y1) U (X2, Y2)) M ((X1, Y1) U (X35, Y3)).

On the other hand, for any concepts (X1,Y7), (X2,Y2),
(X3,Y3) € L(R™®), there are

(X1, Y1) N ((X2, Y2) U (X35, Y3))

(X1, Y1) 10 (A7 F77 (X5 U X3), Y2 N Y3)
(X1 NI PR (X5 U X3), Y1 U (Ya N V3)
(RR™™ PR (X1 0 (X2 U X3)), (Y1 UYa) N
EhRma"mex((Xl N X2) U (X1 NX3)),
(
(

Y1UYe) N (Y UY3))
X1NX,Y1UYs) U
(X1, Y1) M

(Xl NnXs, Y UY‘;)
(X2,Y2)) U (X3,Y3)).

(X1, Y1)

Hence, L(R™¥) is a a distributive lattice.

By using the above propositions, we have the following
corollary.
Corollary 3.2. For any concepts (X,Y),
(X2,Ys) € L(R™**), there are

e ~~ (X,Y)=(X)Y)

o ~ ((X1,Y1) U (X2, Y2))
=~ (X1, Y1) ~ (X2,Y3)

o ~ ((X1,Y1)N(Xz,Y2))
=~ (X1,Y1)U ~ (X3,Y3)

(Xlayl)’

e (X,)Y)U(~(X,Y)N(X1,Y7))
= (X, Y)U(X1,\1)

o (X, V)N(~(X,Y)U (X1, Y1)
=(X,Y)MN(X1,Y7) and

o (X1,77)LC (X2,Y2)

<< (XQ,YQ) C~ (Xlayl)-

For any two concepts in R™#*, the union of their intents

is an intent of some concept. However, the union of their
extents generally does not result in an extent.
Proposition 3.4. For any concepts (X1,Y1), (X2,Ys) €
LR™™), if (X1,Y1) Z (X2,Y2) and (X2,Y2) ¥
(X1,Y1), then X; U X is not an extent of any concept
1n RIIlaX.
Proof: For any X C U™, we have that X C
RE FE™(X). Because X is an extent of some concept
in R™® if and only if X = AR"" fR™™(X), we only
need show that X; U X, C RI™ fE"7 (X, U Xy).
Because

(X1,Y1) £ (X2,Y2) and (X2,Y2) £ (X1, Y1)
< XX and X0 X
< Y5Y; and V1Y
< YINYsCYsand YiNYs CYY,

there exist an attribute a; € Y7 —Y; NY5 and an attribute
as € Yo — Y1 NYs. Thereby, we construct a tuple r as

(Y1NY3))

(Y1UY3))
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follows: for any attribute a € A,

1 ifaeYNYs,
0 if a=a,
"M@ =90 ifa=ay,
0 else.

Obviously, » € R (Y1 NYy) = RE™ fE" (X, U
X5). By the construction of r, we have that r(a;) = 0
and 7(ag) = 0, and thereby r ¢ X; and r ¢ X5, and
consequently r ¢ X7 U Xs.

IV. THE CONNECTION BETWEEN CONCEPTS IN R™a%
AND CONCEPTS IN R

Firstly, we discuss the structural connection between
the concept lattice of a sub-relation and the concept
lattice of the maximal relation. Secondly, we provide two
algorithms to extract concepts in R from L£(R™?¥).

A. The connection between concept lattice L(R™**) and
concept lattice L(R)

Given a relation R based on the schema S(A), for any
concept (X,Y) in R, there is a concept (h*"" (Y),Y)
in R™®*. Thus, there exists a map o; from L(R) to
L(R™>*), which keeps the intents unchanged.
Proposition 4.1. For any concept (X,Y) € L(R),

o1 ((X,Y)) = (K7 (Y),Y)

is a supremum-preserving order-embedding map.

Proof: Firstly, it is easily inferred that oy is a map from
L(R) to L(R™>*). Secondly, o7 is order-embedding: for
any concepts (X1,Y7), (X2,Y2) € L(R), there are

(Xla}/I) E (XQaYé)
& YO
o (W), ¥ T (b (1), V)
& 01((X1, Y1) E 01((X2,Y2)).

Thirdly, oy is supremum-preserving: for any concepts
(X1,Y1), (X2,Y2) € L(R), there are

o1((X1,Y1) U (X2, Y2))
= o1 ((hR (Y1 NY2),Y1 NY2))
= (M7 (V1NY2), Y1 NYs)
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There are concepts ({r4},{a}) and ({r¢},{b}) in R, and
the supremum of them is the following concept:

({ra}, {a}) M ({re}, {b}) = (0. {a,b,c}).
Because

o1(({ra},{a})) = ({r1,72,73,74}, {a}),
o1(({re}, {b})) = ({r1, 72,75, 76}, {b}),
01(([2)7 {a,b, C})) = ({7“1}, {a,b, C})7

there are

o1(({ra},{a}) M ({re},{b}))

01((®7 {a’ b, C}))

({T1}7 {av b, C})

({Th TQ}a {aa b})

({rla 2,73, 7’4}, {a}) r ({rla 2,75, 7"6}, {b})
o1(({ra},{a})) Mo (({re}, {0}))-

Conversely, given a concept (X,Y) in R™**, for the
relation R, X NU is the largest set of tuples which have
all attributes in Y, and hence (X N U, fB(X NU)) is
a concept in R. Thus, we can construct a map oy from
L(R™**) to L(R), as shown the next proposition:
Proposition 4.2. For any concept (X,Y) € L(R™),

o2((X,Y)) = (X nU, fHX NU))

I N

is a surjective infimum-preserving order-preserving map
from L(R™**) to L(R).

Proof: Firstly, it is easily inferred that o9 is a map from
L(R™*>) to L(R). Secondly, oo is order-preserving: for
any (X1,Y1), (X2,Y2) € L(R™®), we have that

(X1,Y7) E (X2, Y2)

X1 C Xo

XiNnUCXonU

fR(X2 NnU) C fR(Xl nU)

(X1 NU, fAX1NU))E (XN U, fR(X,nU))
02((X1,11)) E 02((X32, Y2)).

teL LT

Thirdly, o5 is surjective: for any concept (X,Y) in R,
we obtain a concept (b (Y),Y) in R™®*, It is easily
inferred that K" (Y) N U = X, and then

(Y)Y
= (R™(Y) N U, fEhR (V) N U))
= (X,Y).

Fourthly, o2 is infimum-preserving: for any concepts

= (RETT(ETTRETT () 0 PR RETT(Y,), YN Y,) (X1, Y1), (Xo,Y2) € L(R™®), we easily infer that

= (W (R (V) U (), Y10 Ya)
= (W), V) U (0 (), V)
= (X1 Y1) Uon (X2, Ya)).

However, o1 is not an infimum-preserving map, as
shown in the following example:

Example 4.1. Given the following relation R =
(U,A,I), R is a sub-relation of R™** in example 3.1,
where U = {ry, 76,77}
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(X1 NnU, fB(X;NU)) and (Xo NU, fE( X, NU)) are
concepts in R, and there are

oa((X1,Y1) M (X2, Y2))
UQ((XlﬁXQ,YlU}/Q))
(XlﬂXQQU,fR(XlﬂXQQU))
= (XinU)N(XonU), fAX1N XN 0))
(XinU)N (X NU), (X NU) N (X2 NT)))
— (XinU)N(X2N D),
FREMREFR(X, NU)NAEFR(X, N 1))
= (XinU)Nn(X2nU),
FERR(FHX NO) U fH(XoNT))))
= (XinU, fAXN0) N (XU, fA(X20T))
= 02((X1, Y1) Moa((X2,Y2)).
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However, o5 is not supremum-preserving, that is, oy is
not a homomorphism, see the next example:
Example 4.2. Given the following relation R = (U, A, I),
R is a sub-relation of R™®* in example 3.1., where U =

{T37T43 T5}:

There are the following concepts in R™%*:

({7“1, TQ}’ {a7 b})
({Tla ’I“3}, {a’ c})7

and the supremum of them is the following concept

({r1,72,73,74}, {a}).

Because U = {r3, r4,75}, there are

o2((X1,11)) = (0,{a,b,c})
02((X2,Y2)) = ({rs}, {a,c})
o2 (X1, Y1) U (X2,Y2)) = ({rs, 74}, {a}),

(X1,71) =
(X2,Y2) =

(X1,1) U (X,,Y3) =

and thereby

UQ((Xl, Yl) L
({rs,ra}t.{a})
({rs},{a,c})

(@v {av b, C}) U ({T3}7 {av C})
o2((X1, Y1) Uoz((X2, Y2)).

(X2,Y2))

1 N

Generally, there is not a surjective homomorphism from
L(R™*) to L(R). For example, for R™** in example 3.1.
and R in example 4.1, there does not exist a surjective
homomorphism from L£(R™**) to L(R).

B. Extracting concepts
E( Rmax)

in R from concept lattice

In this section, we provide two algorithms to extract
concepts in R from the concept lattice of R™#*, which
are equivalent. One is based on extents, which means that
for any extent X in R™**, X NU is an extent in R, and
the other is based on intents, which means that for any
intent Y in R™®%, if there is no any attribute depending
on Y in R, then Y is also an intent in . By using these
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two algorithms, one can easily extract all concepts in R.

Algorithm 1 (based on extents)

Input : a relation R = (U, A,I) and
the concept lattice L(R™?X)
Output : all concepts in R

Process :

1.« {}

2. For all concepts (X,Y) € L(R™), Let (X,Y)]|r
={(X",Y') € LR™™)|X'NU =XNU}

3.« [(X,Y)]r

4. For any [(X,Y)|r € £,(X NU,YR) € L(R),where

Yr = U(X/,Y’)G[(Xﬂy)]R v

Algorithm 1 is sound, as shown in the following propo-
sition:

Proposition 4.3. Given a relation R = (U, A,I), for
any concept (X,Y) € L(R™®), let (X,,Y;)(i =
1,..., k)eE(R“‘a") be all concepts such that X; N U =
XnU 7é , where k is some natural number. Then
(Xnu, Uz 1 Y;) is a concept in R.

Proof: We must show that K2 ({JI_, V;) =
X NU)=UL, Vi

Firstly, h®(UJ_, ¥;) = X N U. On the one hand, for
any tuple » € X N U, we have that r € ﬂle X;. For
any attribute a € Ule Y;, there exists some Y; such
that a € Yj. Because (X;,Y;) is a concept in R™&,
r(a) = 1 holds in R. Hence, r € hR(Uz 1Y;), and
thereby X NU C hR(JY_, ¥;). On the other hand, for
any tuple r € hR(UZ 1 Y) C U, then for any attribute
a € UZ Y5, there is I(r,a) = I™(r,a) = 1, ie,
r(a) = 1, andhencereﬂle NU = XnNU.
Therefore, hR(U Y,)CXnU.

Secondly, f(R)(X NU) = UL,Y; For any a €
Ule Y;, there exists some Y; such that a € Y;. For any
tuple r € X NU = X; NU, there is r € X;. Because
(X,,Y;) is a concept in R™**, r(a) = 1 holds in R, and
hence U Y, C fB(X NU). Conversely, in order to
show that f(F)(X NU) C U -1 Y;, we assume that there
exists an attribute o € f(X NU) but « ¢ U, Vi,
and hence (UZ:1 Y;) U{a} is an intent of some concept
in Rmax For any tuple » € U, if r has all attrlbutes in
(Uz 1 Y)HU {a} then 7 has all attributes in UL 1Y, and
hence r € ﬂz 1 Xi, and further r € (ﬂ2 X)) NU =
X NU. It is easily inferred that X N U is the largest set
of tuples having all attributes in (Uf:1 Y;) U{a}. Let

X NU and

AR (U, v U {a)) =

where Xo (U = (), and X, is the set of tuples having all
attributes in Uz YY) U{a}. Hence, XNU = X NU,
and further ﬂ .1 X; C X. However, by using Uz Y C
(UZ L Yi)U{a}, we have that X C ﬂ 1 X, which leads
to a contradiction.

— (X NU)U X,
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Algorithm 2 (based on intents)
Input : a relation R = (U, A,I) and
the concept lattice L(R™*)
Output : all concepts in R
Process :
For all concepts (X,Y) € L{R™>X),
If for any attribute a € A -,
RFEY = a,
Then (X NU,Y) is a concept in R.

Algorithm 2 is sound, as shown in the following propo-
sition:

Proposition 4.4. For any concept (X,Y) € L(R™™),
(XNU,Y) is a concept in R if and only if for any
attribute a ¢ Y, there is R £ Y = a.

Proof: (=) Because (X NU, Y) is a concept in R,
Y = fERB(Y). Assume that there exists an attribute
a ¢ Y suchthat R =Y = a, where R =Y = a
means that for any tuple in U, if r has all attributes in Y/,
then 7 also has the attribute a. Because

REY =a
< Vr(Va €Y (r(a')=1) = r(a)=1)
& Vrehf(Y)(r(a) =1)
& ac€ fERR(Y),

a € fERR(Y) =Y, which leads to a contradiction.

(<) Assume that (X NU,Y) is not a concept in R.
Because X N U is an extent of some concept in R, we
have that f%(XNU) # Y, and further Y C fE(XNU) =
FERE(Y). Hence, there exists an attribute a € fFRT(Y)
but @ ¢ Y, and we have that

a€ fRRR(Y)
& Vreh(Y)(r(a) =1)
& Vr(Vad €eY(r(d)=1) = r(a) =1)

<& REY =a,

which is not consist to R £ Y = a.

Actually, Algorithm 1 and Algorithm 2 are equivalent.

Proposition 4.5. Given a relation R = (U, A, I), for any
concepts (X1,Y71),(X2,Y2) € L(R™), if X1 C X,
then X; NU = X, NU if and only if for any attribute
a €Y, —Ys, REY; = a holds.
Proof: (=) Assume that there exists an attribute a €
Y7 — Y5 such that R [~ Y5 = a. Then there exists a tuple
r € U, which has all attributes in Y3 but r(a) = 0. On
the one hand, r € X, follows directly from (Xs,Ys) €
L(R™), and further r € Xo NU = X3 NU, and hence
r € Xj. On the other hand, (X;,Y7) is a concept in
R™* 50 r(a) = 1. This leads to a contradiction. Hence,
for any attribute a € Y7 — Yo, REY = a.

(<) Assume that X; NU C X3 NU. Then there exists
atuple r € XoNU but r ¢ X3 NU, and hence r ¢ X;.
Because r € Xo NU and (X3,Y3) is a concept, r has all
attributes in Y5, and further r has all attributes in Y7, and
hence r € Xy, which leads to a contradiction.
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V. CONCLUSION

In this paper, we firstly analyzed concepts in R™?* and
the concept lattice £(R™?*), and obtained some important
results, which generally do not hold for other relations.
Secondly, for any relation R based on the schema S(A),
we discussed the structural connection between L£(R™?*)
and L(R). Thirdly, we provided two equivalent algorithm
to extract concepts in R from L(R™?*). Actually, our
methods can be applied to analyze non-binary relations.

Several problems remain to be investigated. Because
real world applications often include imprecise and uncer-
tain information, one of the interesting problems is how to
capture information on uncertainty and imprecision along
with precise values in databases. The future works will
focus on these questions and connections among concept
lattices of relations, and our methods can be used to some
applications such as model and classification [22, 24].
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