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Abstract—This article presents a branch-and-bound
algorithm for globally solving the general linear sum
of ratios problem (GFP). By utilizing equivalent
transformation and linearization technique, a linear
relaxation programming (LRP) of original problem is
constructed. The algorithm economizes the required
computations by conducting the branch-and-bound
search in RP, rather than in R", where p is the

number of ratios in the objective function of problem
(P) and n is the number of decision variables in
problem (P). To implement the algorithm, the main
computations involve solving a sequence of linear
programming problems for which simplex algorithm
are available. Numerical experiments are given to
demonstrate that the proposed algorithm can
systematically solve problem (GFP) to find the global
optimum.

Index Terms—global optimization, linear relaxation, branch
and bound, fractional programming, sum-of-ratios
|. INTRODUCTION
Consider the general linear sum of ratios problem
n
; Zcijxj +d,
v=maxg(x) =) ——
Y ex +
j=1
st. Ax<b,x>0

where Ae R™",beR",c,

(GFP) :

d,,e;, f, are all arbitrary real

ijr i

number,
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AD{XER"|AXSb,X20}

is bounded with intA =¢, and for vxeA, i=1...,p,
j=1,...,n, we have

D e+ f #0.
j=1

Problem (GFP) has attracted the interest of
practitioners and researchers for at least 40 years. This is
because, from a practical point of view, problem (GFP)
and special cases of problem (GFP) have a number of
important applications. Included among these are
multistage shipping problems (Ref. [1]), certain
government contracting problems (Ref. [2]), and various
economic and financial problems (Refs. [3-7, 22, 23]). In
these problems, the number of terms p in the objective

function of problem (GFP) is usually less than the
number of the number of decision variables terms n .
From a research point of view, problem (GFP) poses
significant theoretical and computational difficulties. This
is mainly due to the fact that problem (GFP) is a global
optimization problem, i.e., it is known to generally
possess multiple local optima that are not globally
optimal [24, 25].

Many algorithms have been developed for solving the
special case of general linear sums of ratios problems
(GFP), which are intended only for the sum of linear
ratios problem with the assumption that

D ocx;+d; 20,
j=1
and

Dex;+f,>0 forany xeA.
j=1
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In this case, for instance, if the number of ratios p=2,

the simplex method-based global solution algorithms by
Cambini et al. (Ref. [8]) and Konno et al (Ref. [9]) can be
used. When the number of ratios p>2 , the global

solution algorithms by Falk and Palocsay (Ref. [10]),
Konno and Yamashita (Ref. [11]), Konno and Fukaishi
(Ref. [12]), and Kuno (Ref. [13]), H. Konno and H.
Yamashita (Ref. [2]), J.E. Falk and S.W. Palocsay (Ref.
[3]) are available. If exactly the number of ratios p =3,

the heuristic algorithm of Konno and Abe (Ref.[14]) may
be employed. To solve sums of ratios problems in which
the numerators and denominators are affine functions and
the feasible region is a compact convex set, an algorithm
of Konno et al (Ref. [15]) can be used. In addition, under
the assumption that

n
Docx;+d; 20,
=1
and
n
Doex +f =0,
j=1

a branch and bound algorithm has been proposed (Ref.
[16], Refs. [17-19]).

Recently, H. Benson (Ref. [20]) consider the sum-of-
ratios fractional program

L <n,y>+g,
~<d,y>+h’
where p>2, Y is a nonempty, compact convex set in
R", and for each i=1,2,---,p,n,,d, eR",g;,h eR,
and (<n,y>+g;) and (<d;,y>+h) are positive for
all yeY . Notice that under these assumptions, the

global maximum @& for problem (1) is attained at one or
more pointsin Y .

In Ref. [20], the author presented a branch and bound-
outer approximation algorithm for globally solving the
above problem (1). To globally solve problem (1), the
algorithm instead globally solves an equivalent problem
that seeks to minimize an indefinite quadratic function
over a nonempty, compact convex set. To solve this
problem, the algorithm combines a branch and bound
search with an outer approximation method. From a
computational point of view, the main work of the
algorithm involves solving a sequence of lower bounding
convex relaxation programming problems. Since the
feasible regions of these convex programs are identical to
one another except for certain linear constraints, to solve
them, an optimal solution to one problem can potentially
be used as an effective starting solution for the next
problem.

Foreach i=1,2,---, p, Benson [20] let

J<n, .
U, = maxu, styeY. (2

<d;,y>+h,
From (Ref. [17]), for each i=1,2,---,p , the optimal
value U/ in (2) is positive and is always attained, and this

value can be computed by applying any efficient convex
programming algorithm to the optimization problem in

6 = max st.yeY, Q)
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(2); i.e., any local maximum of problem (2) is a global
maximum. In addition, foreach i=1,2,---,p, let

S, =max[<d,,y>+h], st.yeY. 3)

T =max,/<n,y>+g,, st.yeY. 4

Then, for each i =1,2,---, p, it is evident that the value of
S, in (3) can be computed by solving a convex

programming problem. It is not difficult to show that for
each i=12,---,p, the value of T, in (4) is also given by
solving a convex program.

Let

and

NICRYE R*®|0<u, <U°,
B o<y, <(U%) i=12-,p
and let
Z ={(t,;s,y) eR*™"|yeY and (5)—(8) hold
with (5)—(8) given by

be<ny s 10]20i=12p  (5)

s—<d,y>+h,i=12-p 6)
T <t,<0,i=12,--,p (7)
0<5£S,i=12-,p ®)

Benson [20] consider the problem ( K ) given by

p
y=min) 2ut +vs;,
i=1
(K)ist. —u?+v,>0,i=12--,p 9)
(t,s,y)eZ,
(u,v) e H®.
By the conclusion of theorem 2.1, we know that problem
(1) and problem (K) is equivalent problem, Then the
main work of Ref. [20] will solve problem (K ).

In this article, we present an effective branch-and-
bound algorithm for globally solving a general linear sum
of ratios problem (GFP) by solving a sequence of linear
programming problem over partitioned subsets. The main
feature of this algorithm is as follows. Firstly in (GFP),
we only request

n
Dlex +f =0,
=

then the model of this paper is more general than other
paper considered. Secondly, the algorithm economizes
the required computations by conducting the branch-and-
bound search in the space R, rather than in the space
R" or R*". Thirdly, to implement the algorithm, the
main computations involve solving a sequence of linear
programming problems which is easy to be obtained than
in [5] and does not generate new variables, for which
standard algorithms are available. Fourthly, the proposed
branch and bound algorithm is convergent to the global
maximum through the successive refinement of the linear
relaxation of feasible region of the objection function and
constraint functions and the solutions of a series of LRP.
At last, numerical experiments are given to show the
feasibility of our algorithm.
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The article is organized as follows. In Section 2, by
using a transformation technique, problem EP is derived
that is equivalent to problem GFP. The rectangular
branching process, the upper and lower bounding process

used in this approach are defined and studied in Section 3.

The algorithm is introduced in Section 4, and its
convergence is shown. Section 5 report some numerical
results obtained by solving some examples. Finally, the
summary of this paper is given.

I. PRELIMINAIRES

In this section, we first give an important theorem,
which is the foundation of the global optimization
algorithm.

Theorem 1. Assume Ze X;+f, 20 for VxeA ,

ij 7]
j=
then
Ze x +f >0

ij 7
or

Zex +f, <0.

ij 7

Proof. By the mtermediate value theorem, the
conclusion is obvious.
For vxe A, if

Zex +f <0,

i

then we have
Zc”xJ +d,
Ze”x] +f,

R
ECTT

Obviously, in (1), denominators are all positive. Hence,

in problem GFP, we can assume

Zex +f>0

U]

is always holds. In addltlon, since

Zcuxj+d

Ze”x]+f

Zc”xJ +d +M, (ZeuxJ +f j
Ze”xj+f

:Mi
M;(i=1...,p) s
1,...,p) large enough,

Zc”xJ +d, + M, [ZellxJ + J

where number, if

M, (i =

a positive
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can be satisfied. Therefore, in the following, without loss
of generality, we can assume that

ZcuxJ +d, >0
and

Zex +f>0

U]

in the GFP.
Next, we show how to convert problem GFP into an
equivalent problem EP.

Foreach i=1,...,p, let
I —mane,JxJJrf
u; —maxZe,ij+f
XeA j=1
Define

H, ={ye RPIIP <y, <ui=1,... p} ,
then problem GFP can be converted into an equivalent
nonconvex programming problem as follows:
V(Ho) =Mmaxe, (X, Y)

EP (HO)I i=1 Yi

s.t.(pl(x,y):Zeux]Jrf y, <0, i=1...p,

XeA,yeHO.

The Kkey equivalence result for problem GFP and
EP(H,) is given by the following theorem.

Theorem 2. If (X',y;,...,y,) is a global optimal

solution for problem EP(H,) , then x" is a global

optimal solution for problem GFP. Converse, if X" is a
global optimal solution for problem GFP, then
(X", ¥;,...,Y,) is a global optimal solution for problem

EP(H,) , where

Ze”xj+f i=1...,p.

Proof. The proof of thls theorem follows easily from the
definitions of problems GFP and EP(H,), therefore, it is

omitted.
From Theorem 2, in order to globally solve problem
GFP, we may globally solving problem EP(H,) instead.

I11. BASIC OPERATIONS

In this section, based on the above equivalent problem,
a branch and bound algorithm is proposed for solving the
global optimal solution of GFP. The main idea of this
algorithm consists of three basic operations: successively
refined partitioning of the feasible set, estimation of
upper and lower bounds for the optimal value of the
objective function. Next, we begin the establishment of
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algorithm with the basic operations needed in a branch
and bound scheme.
A. Branching Process

In this algorithm, the branching process is performed
in R?, rather in R", that iteratively subdivides the p -

dimensional rectangle H, of problem EP(H,) into
smaller subrectangles that are also of dimension p. Let

H ={ye RP|I <y, <u,i =l,...p}
denote the initial rectangle H, or subrectangle of it, the
branching rule as follows:

(i) Let 7, =%(Ii +u,),i=1...,p,
(ii) Let
H' ={yeR" |, <y, <7,i=1..p}
H? ={ye RP |z, <y, <u,i =1,...p}
It follows easily that this branching process is exhaustive,
i.e. if {Hk} denotes a nested subsequence of rectangles

(i.e. H*" < H* for all k) formed by branching process,
then there exists a unique point y € R” such that

OHk:{y}.

B. Upper Bound and Lower Bound
For each rectangle

H={yeR"[l <y <u,i=1..p| (H<H,)
formed by the branching process, the upper bound
process is used to compute an upper bound UB(H) for
the optimal value v(H) of problem EP(H).
b icu.xj +d,
V(H) =max gy (x,y) = ) ——
EP (H): =Y

st. g(xy)=2ex +f -y <0i=1...p,
=1

xeA,yeH.
It will be seen from below, the upper bound UB(H)

can be found by solving an ordinary linear program.
In the following, for convenience of expression, let

T ={ilc;>0,j=L...,n},j=1...,p
T ={ilc;<0,j=1....,n},j=1...,p
D" ={jld >0,i=1...,n},
D™ ={jld, <0,i=1,...,n},
E-={ile;>0,j=1..,n},j=1...,p,
E ={jle;<0,j=1...n},j=1....p,
First, consider objective function ¢, (X, y), we have
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. Zn:cijxj +d,
polxy) =Y
i=1 Yi
Si(zcin” G X"J+Zd‘+2d‘
J=1\ jeTy* Ii jeT” U; ieD” Ii ico Ui
Doy (%)

Then, consider constraint function ¢.(x,y),i=1...,p,

o, (% y) = zeijxj +f -y
=

0 ¢7i| (X),
Based on the above discussion, we can construct a
linear relaxation programming (LRP) as follows, which
provides an upper bound for the optimal value v(H) of

problem EP(H).
UB(H) =max g, (X, Y)
LRP(H) :3st. ol (x,y)<0,i=1,...p,
X e A.

Remark 1. Let v[p] denotes the optimal value of the
problem p, then, from the above discussion, the optimal
values of LRP(H) and EP(H) satisfy

V[LRP(H)] > V[EP(H)] for VH e H,.

Remark 2. Obviously, if

H cHcH,,
then
UB(H)<UB(H).

Another basic operation is to determinate a lower
bound for the optimal value v(H,) of problem EP(H,).
By the upper bound process, through solving LRP(H),

we will have a optimal solution x".
Let

y =D ex+f,
=1
obviously, (x",y") is a feasible solution of problem

EP(H,), hence, ¢,(x",y") provides a lower bound for
the optimal value v(H,) of problem EP(H,).

IV. ALGORITHM AND ITS CONVERGENCE

Based upon the results and operations given in Section
3, the branch and bound algorithm for problem GFP may
be stated as follows.

Branch and bound algorithm

Step 0. Choose ¢ >0. Let H, be denoted by

Hoz{VERID ||i03yi gui‘),izl,...p},

Find an optimal solution x° and the optimal value
UB(H,) for problem LRP(H,) . Set

UB, = UB(H®),
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X =x°,
Set
ye =Ze".x]. +f,i=12,...,p
j=1
LBO = ¢0(XC1 yc)v
If

UB,-LB,<¢,

stop. (x°,y°) and x° are global & -optimal solutions for

problems EP(H,) and GFP, respectively. Otherwise, set
P ={H,}, F=¢, k=1,

and go to Step 1.

Step 1. Set
LB, =LB, ;.
Subdivide H*™* into two p -dimensional rectangles
H*' H*? c RP,
via the branching rule. Set
F=FU{H"}.
Step 2. For j=1,2compute UB(H"') and, if
UB(H") # -0,

. ]
find an optimal solution x*! for problem LRP(H) with
(H)=H"J, Set t=0.
Step 3. Sett=t+1.If t>2, go to Step 5. Otherwise,

continue.
Step 4. If

UB(H*")< LB,
set

F=FU{H"},
and go to step 3. Otherwise, Set

yikyt :Zeijx?I +f.i=12...,p.
=l

Let
LB, = max{LBk,goo(xk",yk")}
If
LB, > ¢ (x“',y""),
go to Step 3. If
LB, = Wo(xk'r ) yk’t)
set
X=X (00, y) = (X Y
and set
F=FU{H e(P_, |UB(H)<LB,)}
and continue.
Step 5. Set
P ={H|He@ U{H" H"*})HeF|
Step 6. Set
UB, = max{UB(H)|H PR},
and let H* e P, satisfy
UB, =UB(H").
If

©2013 ACADEMY PUBLISHER
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UB, -LB, <¢,
stop. (x°,y°) and x° are global ¢ -optimal solutions for
problems EP(H,) and GFP, respectively. Otherwise, set
k =k +1 and go to Step 1.
The convergence properties of the algorithm are given

in the following theorem.
Theorem 3. (a) If the algorithm is finite, then upon

termination, (x°,y°) and x° are global & -optimal
solutions for problems EP(H,) and GFP, respectively.
(b) For each k>0, let x* denote the incumbent

solution x° for problem GFP at the end of Step k. If the
algorithm is infinite, every accumulation point of which
is a global optimal solution for problem GFP, and

l!i_I;];]OUBk = Ml LB, =v

Proof. (a) If the algorithm is finite, then it terminates in
Step k > 0. Upon termination, since (x°,y®) is found by

solving problem EP(H) , for some H c H°, for an
optimal solution x° and setting

y¢ =Zeijx]?+ f,i=12,...,p,
=1

X is a feasible solution for problem GFP, and (x°, y©) is
a feasible solution for problem EP(H,) . Upon
termination of the algorithm,

UB,-LB, <¢
is satisfied. From Step O and Step 1 and Step 4, this
implies that

UB, — ¢, (X, ¥ )< ¢e.
By the algorithm, it shows that
UB, zv

Since (x°,y°) is a feasible solution for problem EP(H,),

P (X, y°) <v
Taken together, this implies that

VSUB, <, (X%, ¥y )+e<v+e

Therefore
V-g< ¢0(XC: yo)<v.
Since
Ji = Yo+ fi=12,p,
j=1
we have

g(x°) = gy (x°, ¥°).
this implies that

v—e<g(x®)<v,
and the proof of part (a) is complete.

(b) Suppose that the algorithm is infinite. Then it
generates a sequence of incumbent solutions for problem

EP(H,), which we may denote by {(x*,y*)}. For each
k>1, {(x*,y*)}is found by solving problem EP(H*),
for some rectangle H* c H,, for an optimal solution
H* € A, and setting
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ZeuxJ +f,i=12,...,p,.

Therefore, the sequence x* consists of feasible
solutions for problem GFP. Let X be an accumulation

point of {x“}, and assume without loss of generality that
lim X =X.
Then, since A is a compact set, X € A . Furthermore,
since {x*}is infinite, we may assume that without loss of
generality that, for each k, H*** < H*. From Horst and

Tuy (Ref.[21]), since the rectangles H* k>1 , are
formed by rectangular bisection, this implies that, for
some point y e R?

fimH =[H" = {5}
Let H ={y} and, for each Kk , by Remark 2 and Step 4,
this implies that {UB(Hk)} is a nonincreasing sequence
of real numbers bounded below by v .
limUB(H ¥) is a finite number and satisfies

Therefore,

meBGﬂ)2m
, from Step 2, UB(H*) equal to the

optimal value of the problem LRP(H*) and x* is an

optimal solution for this problem. From the above, we
have

For each k

lim1* = limu* ={y}=H.

Since
limx¢ =x
k—o0
I _Zeux] +f <uf

and the continuity of ZeuxJ +f,

Ze”xJ +f=y,i=12,...,p.

This implles that (X,y) is a feasible solution for
problem EP(H,) . Therefore,
(00 (Y! 7) ﬁ V.
Combing the former formulation, we obtain that
o,(X,y)<v< EimUB(H “Y.

Since
ymumHW
_Z ZC” k+zcu_ti Zk Z
j=1 jeTit I jeT ui ieD” I ieD” U
. ZeuxJ +f;
= CI
2575

=0 (X! y)
From the above formulation, we have
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limUB(H") =v=g,(X,Y).
Therefore, (X,y) is a global optimal solution for
problem EP(H,). By Theorem 2, this implies that X is a
global optimal solution for problem GFP.

For each k, since x* is the incumbent solution for
problem GFP at the end of Step k,

LB, = g(x*) = g(X), forall k>1.
By the continuity of g, we have
lim g(x*) = g(x).

Since X is a global optimal solution for problem GFP,

g(x)=v.
Therefore,

i!im LB, =v,
and the proof is complete.

V. NUMERICAL EXPERIMENTS

To verify the performance of the proposed global
optimization algorithm, some test problems are
implemented on microcomputer, and the convergence
tolerance set to £ =10"° in our experiment. The results
are summarized in Table 1.

Example 1.

3X, +5X, +3%, +50

3%, +4X, +5x%, +50
_ 3X.+4x,+50

4X, +3X, +2X%, +50

min

4% +2X, + 4%, +50
©5X, +4X, +3X, +50
st. 10x, +3x, +8x, <10,
6%, +3X, +3x, <10,
Xy X, X3 = 0.
optimal

Obtain the
x; =0.333333, x; =0.
Example 2.

solution x =0,

4%, +3X%, + 3%, +50
3X, +3X; +50
3%, +4x, +50
©4x, +4x, +5%, +50
X, +2X, +4%, +50
- X, +5X, +5X%, +50
X, +2X, +4%, +50
- 5X, + 4%, +50
st 2x +X, +2x;, <10,
X, +6X, +2X; <10,
5% +9x, +2X; <10,
9%+ 7X, +3%;, <10,
X Xy, Xy 2 0.

min
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Obtain the optimal solution X, =1.11111,
X, =0.
Example 3.
37X, + 73X, +50
13x, +13x, +50
. 13x, +13x, +50
37%, + 73X, +50
st. 5% —-3x, =3,
15<x <3
Set £=10"°, obtain the optimal solution x =1.5,
X, =15.
Example 4.
3x, +4x, +50

3X, +5X, +4Xx, +50
3%, +5X, + 3%, +50
_5x1 +5X, +4x, +50
X, +2X, +4%, +50
- 5X, +4X; +50
_Ax 43X, +3X; +50
3X, +3X, +50
st 6x +3x, +3x%;, <10,
10x, +3x, +8x, <10,
X1 Xy, X5 2 0.

max

Obtain the optimal solution x =0, x, =3.33333,
X, =0.
Example 5.
37X, + 73X, +13
13x, +13x, +13
63x, — 18X, +39
13X, +26x, +13
N 13x, +13x, +13
63x, —18x, +39
13x, +26x, +13
©37x, +73x, +13
st. 5% —3x,=3,
15<x <3.
Obtain the optimal solution x, =3, x; =4.
Example 6.

max

3%, +5X, +3%; +50
3%, +4X, + %, +50
+3x1+4x2+50
3%, +3X%, +50
+4x1+2x2+4x3+50
4%, + X, +3X, +50

st.  2x +X, +5%, <10,
X, +6X, +2x, <10,
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S5X +9x, +2X, <10,
9%+ 7X, +3%; <10,
X;s Xy, X3 2 0.
Obtain the optimal solution x; =0,x, =0, x; =0.
Example 7.
3X, +5X, +3%, +50
3%, +4X, +5x%, +50

min

3%, +4x, +50
4% +3X, + 2%, +50

+4x1+2x2 +4x, +50

5%, +4X, +3X; +50
st 2x +X, +5%; <10,
X, +6X, +2X; <10,
S5X +9X, +2X, <10,

9%+ 7X, +3%; <10,

X;s Xy, X3 2 0.

Obtain the optimal value V" = 3.0029 .

Numerical result shows that our algorithm can globally
solve global optimization problem (GFP).

From numerical experiments, it is seen that
computational efficiency of our algorithm is higher and
can be used to large scale of linear sum of ratios problem
GFP.

VI. CONCLUDING REMARKS

In this paper, we present a branch and bound algorithm
for solving general linear fractional problem GFP. To
globally solve problem GFP, we first convert it into an
equivalent problem EP(H,) , then, through using

linearization method, we obtain a linear relaxation
programming problem of EP(H,) . In the algorithm, First,

the branching process takes place in the space R" rather
than in the space R". This economizes the computation
required to solve problem GFP. This mainly due to the
fact that the numbers of ratios in the objective function of
problem GFP is smaller than the number of decision
variables n in the problem. Second, the upper bounding
sub-problems are linear programming problems that are
quite similar to one another. These characteristics of the
algorithm offer computational advantages that can
enhance the efficiencies of the algorithm.

It is hoped that in practice, the proposed algorithm and
ideas used in this paper will offer valuable tools for
solving general linear fractional programming.
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